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Abstract 

One of the most important things you can do to improve your mathematical application is to learn 

how to find numerical solutions. However, it was discovered that classrooms teaching methods 

that use numerical solutions are largely unable to provide students with the successful experience 

they should have in finding numerical solutions. Since conceptual and procedural knowledge, as 

well as the ability to perform computational mathematics, must be understood, simultaneously 

mastering all three can be difficult for most students. This study investigates combining GPT and 

Colab as learning tools for students to explore numerical solutions in the context of difference 

equations. The developed learning process works in tandem with the power of GPT and Colab to 

provide students with a successful experience in finding numerical solutions to difference 

equations. The survey results show that students have a high level of self-efficacy in finding 

numerical solutions to difference equations. This reflects today’s power of innovation, which can 

be applied in classroom to improve student skills so that they can use the tools to solve problems. 
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INTRODUCTION 

Numerical solutions are one of the critical elements 
that aid in the effective application of mathematics. This 
is because every real-world problem can be 
mathematically formulated as one or more equations. It 
is not possible to find a closed solution for every 
equation and apply it to a real-world solution. As a 
result, numerical solutions must be found as 
approximations that can be used in place of closed 
solutions (Lappas & Kritikos, 2018; Liao et al., 2009; 
Suharti et al., 2020). In most general mathematics 
curricula, there is a course in numerical analysis that 
provides knowledge about how to find solutions for 
each type of equation (Lappas & Kritikos, 2018; Liao et 
al., 2009; Suharti et al., 2020). Methods for finding 
numerical solutions are also presented in courses with 
advanced equation content, where closed solutions 
cannot be found (Alkhan & Shaimova, 2020; Dinckal, 
2018; Eyrikh et al., 2021; Howe & Barton, 2016).  

An effective teaching approach will provide 
knowledge about equations and how to find numerical 

solutions as well as opportunities for mathematical 
programming to develop solutions based on numerical 
methods (Caligaris et al., 2015; Gwynllyw et al., 2020; 
Handayani et al., 2017; Ketcheson, 2014). However, even 
with a solid understanding of numerical methods, in-
depth training in mathematical software is necessary to 
assist students in finding solutions using numerical 
methods. Students also struggle to understand both 
conceptual and procedural knowledge, as well as 
developing the ability to program using mathematical 
software.  

As a result, learners find it difficult to be confident in 
their abilities after the learning is completed, resulting in 
lower levels of self-efficacy. The students’ ability to solve 
numerical problems is still lacking. A learner’s level of 
self-efficacy reflects his/her level of competency in 
finding numerical solutions. A high degree of self-
efficacy leads to greater levels of competence and vice 
versa (Firdaus et al., 2021; Ozmen & Mumcu, 2020). 
Possessing a greater level of competence will lead to high 
self-efficacy (Aswin & Herman, 2022; Jatisunda et al., 
2020; Shang et al., 2023; Simamora et al., 2019).  
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As a result, developing learning management 
methods and learning tools that promote student 
learning and performing well in finding numerical 
solutions is an intriguing issue. 

In light of this, learning difference equations is very 
helpful for solving problems in everyday life (Gasull, 
2017). These are sometimes called recurrence sequences 
(Sa & Hsin, 2010), recurrence relations (Nigmatulin et al., 
2020), or discrete dynamic systems (Sárvári & Klincsik, 
2003; Silva et al., 2018) in academic settings. This is 
especially true for problems that have been 
mathematically modeled with behavior changing over 
discrete time intervals. Whether the mathematical 
models, consisting of difference equations, allow for 
exact solutions or not, they show results in the form of 
numerical solutions and are visualized as value tables 
and graphs. This gives a clear picture of how the model 
works, which makes it easier to explain things that 
happen in the real-world using modelling (Sa & Hsin, 
2010; Sárvári & Klincsik, 2003; Silva et al., 2018). 
Therefore, obtaining numerical solutions for difference 
equations is crucial. The learning process for difference 
equations uses integration of computer programs to 
obtain numerical solutions, enabling students to 
effectively apply them in problem-solving for real-world 
situations (Marotto, 2006). However, computer 
programming is not an easy task for most students 
(Balhoff & Schmidt, 2022; Dasuki & Quaye, 2016; 
Drijvers, 2000; Martín-Caraballo & Tenorio-Villalón, 
2015), which affects the learning process. Students often 
struggle to achieve success in writing computer 
programs to find numerical solutions due to the 
complexity of handling extensive amounts of code in 
various programming languages. This, in turn, leads to 
a lack of self-efficacy for learners. 

GPT and Colab are important tools in today’s world 
that can be used together to help write code for 
applications in a variety of areas. GPT is useful in the 
sense that AI will receive user prompts to write code. 
The resulting code is written in Python. The user can 
then run this Python code and retrieve results. Colab is a 
Python platform that allows developers to collaborate 
online to edit and improve code. Python, whether 
running through Colab or on other platforms, is effective 
for mathematical calculations. There are mathematical 
software programs to assist in the discovery of solutions 
through numerical methods (Alkhan & Shaimova, 2020; 

Gwynllyw et al., 2020; Ketcheson, 2014; Sahgal, 2023; 
Seebut et al., 2022). While AI is progressing and being 
used to manage learning in today’s world, GPT is an AI 
that is gaining interest for applications in learning 
management in many areas (Alneyadi & Wardat, 2023; 
Castillo et al., 2023; Hanum Siregar et al., 2023; Jarrah et 
al., 2023; Owan et al., 2023; Ruiz-Rojas et al., 2023; 
Vasconcelos & dos Santos, 2023), including mathematics 
(Liang et al., 2023; Wardat et al., 2023). Combining the 
benefits of these two technologies to provide learning 
will greatly reduce student frustration. This is because 
students are in charge of analyzing work and directing 
AI (GPT) to write Python code to find numerical 
solutions. When Python code is examined, modified, 
and then run on Colab, the desired numerical solution 
can be obtained. 

Learning activities for finding the numerical 
solutions of difference equations were developed using 
GPT and Colab. In the activity, GPT and Colab were 
combined as learning tools for students to investigate the 
numerical solutions of several difference equations. 
Difference equations have significant applications in 
real-world problems involving dynamic systems with 
discrete time. Students must learn to find numerical 
solutions to equations with no closed solutions. When 
students have completed the designed activities, the 
results of the students’ self-evaluation of their efficacy in 
finding numerical solutions to difference equations 
demonstrates their abilities.  

Satisfactory evaluation results indicate a learner’s 
confidence in using GPT and Colab to solve numerical 
problems. This approach will also serve as a set of 
guidelines for teachers in organizing learning to find 
numerical solutions with GPT and Colab in their 
respective topics. All of this highlights the role of AI in 
today’s learning management process (Alneyadi & 
Wardat, 2023; Alneyadi et al., 2023; Jarrah et al., 2023), 
including demonstrating the value of prompt 
engineering in education.  

With these guidelines, this research aims to study the 
level of student self-efficacy in finding numerical 
solutions to difference equations. Students will undergo 
learning activities related to obtaining numerical 
solutions to difference equations. This will be achieved 
by incorporating GPT and Colab as learning tools for 
students to explore numerical solutions to difference 
equations. 

Contribution to the literature 

• Providing learning to equip students with the ability to find numerical solutions, which is important to 
effectively applying mathematics and is still not done satisfactorily in general classrooms. 

• This research combines GPT and Colab as learning tools for students to explore numerical solutions in the 
context of difference equations.  

• The present study examines the impact of artificial intelligence (AI) and prompt engineering in the field 
of mathematical education. 
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EXPLORING NUMERICAL SOLUTIONS 
WITH GPT & COLAB 

Finding numerical solutions to difference equations 
is one of the topics in the 1141326 mathematical 
modelling course in Bachelor of Science program, 
Department of Mathematics, Faculty of Science, Ubon 
Ratchathani University. The course teaching materials 
include Marotto’s (2006) book, “Introduction to 
mathematical modelling using discrete dynamical 
systems”. Course content has been written to include 
topics such as linear difference equations, non-linear 
difference equations, systems of linear difference 
equations, and systems of non-linear difference 
equations, and each topic concludes with a model. 
Financial, population growth, economic, density-
dependent population, contagious disease, prey-
predator, competition, overlapping generation, 
infection-recovery, and price-demand models are 
examples of mathematical models developed from 
difference equations. From all of this, it can be seen that 
organizing learning activities that encourage students to 
find numerical solutions to difference equations is 
beneficial for their application to the content and 
methods of the course. The difference equations used for 
activities are divided into task 1 and task 2, with four 
equations each, as follows. 

Task 1 

Equation 1: Linear difference equation  

Find numerical solution of the difference equation: 
𝑥𝑛+1 = 3𝑥𝑛 when 𝑥0 = 1 and find the value 𝑥23 

Equation 2: Non-linear difference equation 

Find numerical solution of the difference equation: 
𝑥𝑛+1 = 6𝑥𝑛

2(1 − 𝑥𝑛) when 𝑥0 = 0.4 and find value 𝑥24. 

Equation 3: System of linear difference equations 

Find numerical solution of the system of the 
difference equations: 𝑥𝑛+1 = 5𝑥𝑛 − 4𝑦𝑛 and 𝑦𝑛+1 = 𝑥𝑛 −

𝑦𝑛. When 𝑥0 = 1, 𝑦0 = 1 and find the values 𝑥21 and 𝑦21. 

Equation 4: System of non-linear difference equations  

Find numerical solution of the system of the 

difference equations: 𝑥𝑛+1 = (2.75𝑥𝑛 + 0.85𝑦𝑛) (1 −
(𝑥𝑛+𝑦𝑛)

1000
) and 𝑦𝑛+1 = 𝑥𝑛. When (𝑥0, 𝑦0) = (361, 361) and 

find the value (𝑥25, 𝑦25). 

Task 2 

Equation 5: Linear difference equation  

Find numerical solution of the difference equation: 
𝑥𝑛+1 = 4𝑥𝑛 when 𝑥0 = 2 and find the value 𝑥23. 

Equation 6: Non-linear difference equation 

Find numerical solution of the difference equation: 
𝑥𝑛+1 = 2𝑥𝑛(1 − 𝑥𝑛) when 𝑥0 = 0.7 and find value 𝑥24. 

Equation 7: System of linear difference equations 

Find numerical solution of system of the difference 
equations: 𝑥𝑛+1 = 4𝑥𝑛 + 6𝑦𝑛 − 12 and 𝑦𝑛+1 = 4𝑦𝑛 − 3. 
When 𝑥0 = 3, 𝑦0 = 5 and find values 𝑥21 and 𝑦21. 

Equation 8: System of non-linear difference equations  

Find the numerical solution of the system of the 
difference equations: 𝑥𝑛+1 = 𝑥𝑛 + 2.5𝑦𝑛 − 0.1𝑥𝑛

2 − 1 and 

𝑦𝑛+1 = 𝑦𝑛 +
5

𝑥𝑛
− 1. When (𝑥0, 𝑦0) = (4.5, 1.35) and find 

the value (𝑥25, 𝑦25). 

The learning process can be conceptualized as a 
sequential progression consisting of three distinct 
phases. These phases are delineated, as follows. 

Phase I: Preparation  

This phase prepares basic knowledge for using 
Python to find numerical solutions to difference 
equations. The instructor begins phase I learning 
activities by providing knowledge about numerical 
solutions and how to program mathematical software to 
find a numerical solution to a difference equation that 
was previously used to write Python code on Colab. 
Instructor reminds students that a difference equation is 
a recursive relationship that is used as a guideline for 
determining a numerical solution. The code is written 
and run on Colab in a specific format that incorporates 
all of equations from task 1. This information will be 
useful in validating GPT operations in following phase. 

Phase II: Practice 

In this phase, students will practice the process of 
finding numerical solutions to difference equations 
using GPT and Colab to gain necessary competencies. A 
process for students to practice finding numerical 
solutions to difference equations using GPT and Colab 
must be included in the learning activities. Each step is 
important, where the instructor first demonstrates the 
process by finding numerical solutions to equation 1 and 
equation 3. Then, the instructor divides the students into 
groups to practice equation 2 and equation 4, which are 
typical of group investigation assignments. Finally, 
students use the Google Forms system to submit their 
practical results. Procedure consists of following steps. 

Step 1: Task analysis 

Consider the problem of determining the numerical 
solution to the difference equation in an IOP (input-
process-output) format. The analysis results obtained in 
this format will make it easier to proceed with computer 
programming. 
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Step 2: Prompt crafting 

Using the analysis results in IPO format obtained in 
step 1 and prepare them, where students will play the 
role of prompt engineers, designing prompts that will 
direct AI, which in this context is GPT, to operate 
according to purpose and format of the desired results. 

Step 3: Prompt operation 

Utilize the prompts generated in step 2 and apply 
them to GPT. GPT is capable of producing software code 
that can effectively direct a computer to execute a 
numerical solution to a given difference equation. GPT 
will generate Python code. 

Step 4: Code execution 

Execute Python code obtained in step 3 on Colab to 
obtain the desired results for the specified purpose and 
format outlined in IPO analysis.  

Step 5: Result verification & summarization  

Check the accuracy of the results obtained in step 4. 
If any part needs to be changed, the basic knowledge 
gained in phase I can be used to modify the code to 
achieve the desired results. Alternatively, students may 
need to update the prompts to direct GPT to generate 
better code. When the results are obtained in accordance 
with the objectives and the output format specified, they 
are summarized. 

Phase III: Exploration  

This phase involves investigating a numerical 
solution of a difference equation using GPT and Colab. 
Once students have a basic understanding of the 
difference equation and how to find its numerical 
solution using GPT and Colab, individual assignments 
are provided for students to investigate the numerical 
solutions of difference equations in task 2. Prompts to 
use the operating system on GPT, Python code obtained 
from the GPT, and results from running Python code on 
Colab are the workpieces that must be submitted. 
Students can capture images, organize them, and send 
them as pdf files via Google Forms system. 

Learning process for exploring numerical solutions 
with GPT and Colab is summarized in Figure 1. 

SELF-EFFICACY IN FINDING 
NUMERICAL SOLUTIONS TO 
DIFFERENCE EQUATIONS 

It is necessary to identify the most powerful factors 
that affect a person’s self-efficacy. This is because each 
individual must have successful experiences in that area 
(Aswin & Herman, 2022; Firdaus et al., 2021; Shang et al., 
2023). Exploring the Numerical Solution of Difference 
Equations with GPT and Colab was designed to 
encourage students to successfully experience finding 
numerical solutions of difference equations using GPT 
and Colab.  

 
Figure 1. A learning process cultivating students to explore numerical solutions of difference equations using GPT & Colab 
(Source: Authors’ own elaboration) 
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This is used to indicate the effectiveness of the 
developed learning activities supporting these learning 
goals. Assessment of students’ self-efficacy in finding the 
numerical solutions of difference equations was adapted 
from the mathematics self-efficacy of Negara et al. (2021) 
using a Likert scale. Nine items were assessed: 

S1. I believe I can score well on the numerical 
solutions of the difference equations.  

S2. I am sure I can learn some important concepts 
about finding numerical solutions to difference 
equations. 

S3. I am sure I can learn about algorithms for finding 
numerical solutions to difference equations. 

S4. I can use an example or a similar problem to find 
the numerical solution of difference equations. 

S5. I am confident that I can complete the 
assignment regarding numerical solutions to 
difference equations. 

S6. I can choose a strategy to find the numerical 
solutions of difference equations. 

S7. I am confident that I can practice the skills 
necessary to find numerical solutions to 
difference equations. 

S8. I am confident that technology can be used to 
find numerical solutions to difference equations. 

S9. I believe I can apply the numerical solution of 
difference equations approach to other contexts. 

The survey data will be analyzed, and the results will 
be interpreted using the following criteria: 

1. An average score of 4.50-5.00 indicates a very high 
level of self-efficacy. 

2. An average score of 3.50-4.49 indicates a high level 
of self-efficacy. 

3. An average score of 2.50-3.49 indicates moderate 
self-efficacy. 

4. An average score of 1.50-2.49 indicates a low level 
of self-efficacy. 

5. An average score of 1.00-1.49 indicates a very low 
level of self-efficacy. 

RESEARCH PROCESS 

Target Group 

The target group consisted of 52 third-year students 
enrolled in the course, 1141326 mathematical modelling, 
in Department of Mathematics, Statistics, and 
Computers, Faculty of Science, Ubon Ratchathani 
University. Enrollment is open to students pursuing a 
Bachelor of Education degree or a Bachelor of Science 
degree in mathematics. 

Research Tools 

The learning activity plan for exploring the numerical 
solutions to difference equations with GPT and Colab is 
the first component of the developed research tools. GPT 
and Colab were used as learning tools that play a role in 
driving the process so that students can have a successful 
experience in finding numerical solutions to difference 
equations. A self-efficacy survey in finding numerical 
solutions to difference equations was used with learners 
so that they are ones to reflect on their own competencies 
as a result of learning through the developed activities. 

 Managing Learning in Research Process  

The workflow starts with selection of the technology 
to be used in organizing the learning process, aiming to 
achieve the research objectives of enhancing student self-
efficacy in finding numerical solutions to difference 
equations. Python was chosen for finding numerical 
solutions because it is an open-source program known 
for its high usability, and it performs as well as 
purchased mathematical software. It is user-friendly and 
highly effective. Then, GPT was chosen as the AI to write 
Python code. GPT has the advantage of supporting 
multiple languages, including Thai, which is suitable for 
the context of the learners in the current study. GPT-3.5, 
a free version, was used for writing Python code, which 
was subsequently executed on the Colab platform. This 
platform allows learners to collaboratively develop and 
edit code online. The learning process for all topics 
related to difference equations begins with lecture on the 
various types of difference equations, i.e., linear and 
non-linear difference equations, as well as linear systems 
and non-linear systems of difference equations. Exact 
solutions, numerical solutions, and models generated by 
difference equations will be included in each topic 
presentation. At the end of the content, activities will be 
done to find numerical solutions. This starts with the 
students writing Python code on Colab to find numerical 
solutions for difference equations. Next, there will be a 
practice session on writing AI prompts, where GPT 
generates Python code for the students to run on Colab 
to find numerical solutions for difference equations. 
Finally, individual students will use GPT and Colab to 
find numerical solutions to difference equations. Scope 
of content and learning activities is shown in Table 1. 

Data Collection 

Collected data includes the first learning productivity 
from phase II, which is work related to training the 
process to find numerical solutions to difference 
equation 2 and equation 4 using GPT and Colab in task 
1, performing step 1 to step 5 in each group. The second 
learning product, in phase III, explores individual 
numerical solutions to difference equations with GPT 
and Colab. The last is a survey of students’ self-efficacy 
in finding numerical solutions to difference equations. 
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Data Analysis 

Data from the learning productivity collected from 
phase II were selected for descriptive analysis showing 
students’ learning processes demonstrated by their 
performance. Data from the learning productivity 
collected from phase III were selected for descriptive 
analysis showing the students’ learning outcomes 
reflected in their performance. The results of the 
students’ self-efficacy survey in finding numerical 
solutions to difference equations were analyzed using a 
Likert scale with mean, standard deviation, and self-
efficacy level. 

Data was obtained from the target group, a total of 52 
students. There are 26 students enrolled in the Bachelor 
of Education program in mathematics, and another 26 
students in the Bachelor of Science program in 
mathematics. There were 11 male and 41 female 
students. It is a required course for both programs. The 
students are in their third year. They can use the 
mathematical knowledge and math software skills that 
they have already learned in their first and second years 
as a basis for learning about difference equations and 
finding numerical solutions. However, even though 
students understand their previous coursework, they 
still lack confidence in their ability to find numerical 
solutions to difference equations. This is because it 
requires developing a large amount of programming 
code. Therefore, applying AI, i.e., GPT, to write code 
directly shifts the role of students. Instead of having to 
learn to write program code, they become users who 

check the code and results. The researchers expect that 
this approach will enhance the level of self-efficacy in 
finding numerical solutions to difference equations. 
Verification of this hypothesis relies on data collection 
and analysis, which are summarized in Table 2.  

RESULTS & DISCUSSION 

The research findings present the issue of students’ 
own competency in finding numerical solutions to 
difference equations using a survey of students’ self-
efficacy levels, as well as the results of classroom 
activities. Productivity that results from student practice, 
as reflected through learning, is something that should 
be prioritized. This will demonstrate a link between all 
of the components that contribute to the research 
findings. As a result, we will start with students’ 
learning processes as demonstrated by their 
performance, then move on to students’ learning 
outcomes reflected in their performance, and finally 
students’ self-efficacy levels in finding numerical 
solutions to difference equations. 

Students’ Learning Process Reflected in Their 
Performance 

Only one example of group work will be shown in 
this section to demonstrate how to find numerical 
solutions to difference equations using GPT and Colab. 
This is phase II in which the students practice equation 2 
and equation 4. 

Table 1. Learning management plan for entire semester 

Week Topics Learning activity format 

1-12 Providing knowledge about difference equations: 
- Homogeneous linear difference equations 
- Non-homogeneous linear difference equations 
- Modelling with linear difference equations 
- Solutions of nonlinear difference equations 
- Steady-state solutions of nonlinear difference equations 
- Modelling with nonlinear difference equations 
- Systems of linear homogeneous difference equations 
- Systems of linear nonhomogeneous difference equations 
- Modelling with systems of linear nonhomogeneous difference equations 
- Steady-state solutions of systems of nonlinear difference equations 
- Estimating solutions using linearization. 
- Modelling with systems of nonlinear difference equations 

Instructor provides explanations and 
demonstrations for each topic. In each 
module, there will be examples that 
involve finding exact solutions to 
difference equations. The solutions will 
be presented in the form of tables and 
graphs, which represent numerical 
solutions. 

13 Writing Python code on Colab to find numerical solutions to difference 
equations 

Method is shown by instructor using 
equation 1 & equation 3. Equation 2 & 
equation 4 are practiced by students. 

14 Instructor demonstrates how to write prompts for AI, which involves 
using GPT to generate Python code. This code can be executed on Colab 
to find numerical solutions to difference equations. 

Instructor demonstrates the method 
using equation 1 & equation 3. 

15 Training involves writing Python code with AI prompts, which is GPT-
generated Python code for students to run on Colab to obtain numerical 
solutions to difference equations. 

Students practice using equation 2 & 
equation 4. They submit their practical 
work through Google Forms system. 

16 Individual students use GPT & Colab to find numerical solutions to 
difference equations. 

Students practice using equations 5, 6, 
7, & 8, & submit their results through 
Google Forms system. 
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The results of each step in the process of finding a 
numerical solution to equation 2 using GPT and Colab 
are, as follows. 

Students’ practical results from task analysis 

When considering the results of student practice, as 
shown in Figure 2, it was found that the students 
performed the task, analyzing the process in remark 2a. 
This is written in Thai and translates to English, as 
follows: 

Find the numerical solution of the difference 
equation: 

x(n+1)=6(x[n]2)(1-x[n]) when x(0)=0.4. 

Find the value x(24).  

The task, equation 2, was analyzed separately using 
an IPO format, as follows:  

The I, or input, appears as Figure 2 in remark 2b for 
finding the numerical solution of the difference 
equation. The initial condition value is imported, which 
in equation 2 is x(0)=0.4 and may set a limit on the 
number of numerical solutions to be calculated, which in 
this case is n=25. The Thai language seen in remark 2b, 
translates into English, as follows: 

Input data x(0)=0.4 

Input data n=25  

The P, or process, section is in remark 2c. Figure 2 
shows the process of finding a numerical solution to 
equation 2. The Thai language in remark 2c translates to 
English, as follows: 

Table 2. Process of data collection & guidelines used for data analysis 

Activities in progress Data collection Data analysis guidelines 

Providing knowledge about difference 
equations through lectures & 
demonstrations by instructor. 

  

Writing Python code on Colab to find 
numerical solutions to difference 
equations. Instructor shows method & 
student practices. 

  

Training in programming commands for 
GPT to find numerical solutions to 
difference equations. Students practice & 
submit their work on a Google Form. 

Collecting students’ work. Integrate students’ collected works as a 
component of presentation regarding 

students’ learning process as reflected in their 
performance. This involves an analysis of 

content- & lecture-based data. 
Individual students use GPT & Colab to 
find numerical solutions to difference 
equations. Students then put their 
findings into practice & submit their 
work on a Google Form. 

Collecting students’ work. Take collected works of students & 
incorporate them into presentation of 

students’ learning outcomes reflected in their 
performance, which involves analyzing 

content-based lecture data. 
Surveying student’s self-efficacy in 
finding numerical solutions of difference 
equations. 

Survey on student self-efficacy 
in finding numerical solutions 
of difference equations using a 

Likert scale. 

Analyze survey on self-efficacy in finding 
numerical solutions of difference equations 

using mean & standard deviation to indicate 
level of self-efficacy. 

 

 

 
Figure 2. Students’ practical results from task analysis & 
prompt crafting in process of finding a numerical solution 
to equation 2 with GPT & Colab (Source: Authors’ own 
elaboration) 
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Take the values x(0)=0.4 and n=25 to calculate the 
value x(n) according to the equation: 

x(n+1)=6(x[n]2)(1-x[n]) 

Record the values x(0), x(1), x(2), …, x(25).  

As shown in Figure 2, remark 2d, the O, or output, is 
divided into two parts, i.e., the purpose of the task and 
the desired output format. The Thai language in remark 
2d translates to English, as follows: 

Find numerical solution of difference equation:  

Show the results table between n and x(n).  

Show the results graph between n and x(n).  

Show the value x(24). 

Students’ practical results from prompt crafting 

When considering the results of the students’ 
practice, as shown in Figure 2, remark 2e, is translated 
from Thai to English, as follows: 

Write Python to find the numerical solution of the 
difference equation: 

x(n+1)=6(x[n]2) (1-x[n]) when x(0)=0.4. 

Show results: 

Table n versus x(n), n=0, 1, 2, ..., 25. 

Graph n versus x(n) 

Value x(24). 

It can be seen that the structure of the prompt is 
created from the synthesis of each element obtained 
from task analysis. This consists of the first part “write 
Python to find the numerical solution of the difference 
equation.” It is a directive to GPT to write python code 
according to the purpose from part O. Next, 
“x(n+1)=6(x[n]2)(1-x[n])” is an overlapping part of 
process P, along with the initial condition “when 
x(0)=0.4.” It is a feeder from section I. It ends with “show 
results table n versus x(n), n= 0, 1, 2, ..., 25, graph n versus 
x(n) value x(24)”, which is the part, where the results are 
appropriately formatted according to section O. 

Students’ practical results from prompt operation 

This step is depicted in Figure 3. It leads from prompt 
crafting to prompt input on GPT, as shown in remark 3a. 
When GPT receives prompt input, it will proceed to 
create Python code to find a numerical solution to 
equation 2. Python code will have the output format 
specified by the prompt input, as shown in remark 3b. 
Considering the prompt input in remark 3a, the Thai 
translation to English reads: 

Write Python code to find the numerical solution 
to the equation: 

x(n+1)=6*(x[n]2)*(1-x[n]) when x(0)=0.4, n=0, 1, 2, 
..., 25 by showing the results table n and x(n), 
graph n and x(n), value x(24). 

Comparing the prompt crafting translated into 
English from Figure 2, remark 2e, it was found that it is 
different because prompt crafting is the default prompt 
input. When operating on GPT, adjustments must be 
made to get prompt input that allows GPT to generate 
Python code that outputs the desired object and format. 
To be considered a usable prompt input, students must 
adjust the prompt to respond to GPT until they are 
successful in the assigned task. 

Students’ practical results from code execution 

This step overlaps and runs concurrently with step 3: 
prompt operating and step 5: results verification and 
summarization. It uses code from remark 3a, which was 
obtained from GPT, that is placed in Colab and directs 
Colab to run code and display results (Figure 4). 

Then, results verification is done. If the results are not 
as desired, one can edit Python code or go back and 

 
Figure 3. Students’ practical results from prompt operation 
in process of finding a numerical solution to equation 2 with 
GPT & Colab (Source: Authors’ own elaboration) 
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adjust the prompt input. When the results are 
satisfactory, result summarization is done. 

Students’ practical results from results verification & 
summarization 

As discussed above, this step overlaps and runs with 
step 3 prompt operation and step 4 code execution to 
check that the results are as specified. If the objectives are 
not achieved, then the previous steps are modified until 
the desired results are obtained. From Figure 4, remark 
4a, we want to display a table and graph of the numerical 
solution to equation 2 from x(0), x(1), ..., x(25). However, 
when we examined the results, they showed results only 
up to x(24). The prompt input in remark 3a can be 
improved to obtain a numerical solution up to x(25). The 
results can be summarized, as shown in Figure 4 for the 
numerical solution to equation 2 from using the prompt 
input in remark 3a. 

To practice all five steps using equation 4, a student 
proceeds in the same way as equation 2. The results of 

the students’ practice from step 1 to step 5 can be seen in 
Figure 5.  

An important observation is that prompt inputs 
previously used to produce results for equation 2, did 
not produce the same results when used again. As can 
be seen from remark 5a, the x(n) versus y(n) graph, 
which was crafted as a prompt input, will initially create 
a line graph that does not place markers (x[n], y[n]) on 
the graph. There is a new prompt in remark 5b to create 
a graph (x[n], y[n]) with marker points, so results will be 
different from the case for equation 2. There is no need 
to specify additional information. Interacting with an AI 
such as GPT is like talking with a human. Speech will 
have different meanings depending on its context. 
Therefore, students must adjust the prompt input until 
GPT understands what is required and produces results. 
In fact, it is not complicated because it uses the natural 
language in which humans normally communicate. 
Where the learners are Thai, they can use Thai language.  

All the processes that students practice using GPT 
and Colab are learning tools for them to explore 
numerical solutions to difference equations. The power 
of GPT combined with Colab enables a successful 
experience for students in finding numerical solutions to 
difference equations. Previous research noted the 
positive efficacy of applying GPT in a classroom setting 

 
Figure 4. Students’ practical results from code execution 
with results verification & summarization in finding a 
numerical solution to equation 2 with GPT & Colab (Source: 
Authors’ own elaboration) 

 
Figure 5. Students’ practical results from process of finding 
a numerical solution to equation 2 with GPT & Colab 
(Source: Authors’ own elaboration) 
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(Alneyadi & Wardat, 2023; Alneyadi et al., 2023; Liang et 
al., 2023; Wardat et al., 2023).  

It is more convenient for students to use GPT to create 
Python code (Alkhan & Shaimova, 2020; Gwynllyw et 
al., 2020; Ketcheson, 2014; Sahgal, 2023; Seebut et al., 
2022). Learners move from memorizing complex code to 
becoming the ones who direct work and check results. 
Therefore, the numerical solution of a difference 
equation can be developed more easily, increasing the 
students’ confidence in their practice. 

Students’ Learning Outcomes Reflected in Their 
Performance 

After students have practiced using GPT and Colab 
to explore the numerical solutions of the difference 
equations in this section, we present examples of 
individual work to show the results of individual 
exploration of numerical solutions to difference 
equations with GPT and Colab. When students practice 
until they are proficient, they will be able to proceed 
immediately without having to divide the problem into 
five steps. The results of the student’s practice are 
presented, as follows. 

Results of student exploration of numerical solution to 
equation 5  

To consider finding the numerical solution of the 
difference equation, 𝑥𝑛+1 = 4𝑥𝑛 when 𝑥0 = 2, you find 
the value 𝑥23. The process is driven by students using 
prompt input, which can be converted from Thai to 
English version, as follows: 

Write Python to find the numerical solution of the 
equation: 

x(n+1)=4x(n), x(0)= 2 

Show a table of n and x(n), graph n and x(n) with 
markers, and the value x(23). 

To get GPT to work, Python code must be generated 
that, when run on Colab, produces the expected results. 
Figure 6 shows the prompt, code, and result to 
numerically solve equation 5. 

Results of student exploration of numerical solution of 
equation 6 

To find the numerical solution of the difference 
equation, 𝑥𝑛+1 = 2𝑥𝑛(1 − 𝑥𝑛), when 𝑥0 = 0.7 and find 
the value 𝑥24 will produce the prompt in Figure 7, which 
can be translated from Thai to English, as follows: 

Write Python to find the numerical solution of the 
equation: 

x(n+1)=2x(n)(1-x[n]), x(0)=0.7 

Show a 9table of n and x(n), graph n and x(n) with 

markers, and the value x(24). 

As a result of this prompt input, GPT generates 
Python Code, which when run on Colab, will produce 
results according to the format that the student specified. 
The results of the students’ practice, which consists of 
the prompt, code, and results, is shown in Figure 7. 

 
Figure 6. Prompt, code, & results arising from students’ exploration of equation 5 numerical solutions (Source: Authors’ 
own elaboration) 
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Results of student exploration of numerical solution of 
equation 7  

 Find the numerical solution of a system of 
differential equations: 𝑥𝑛+1 = 4𝑥𝑛 + 6𝑦𝑛 − 12 and 𝑦𝑛+1 =

4𝑦𝑛 − 3 when 𝑥0 = 3, 𝑦0 = 5 and find values 𝑥21 and 𝑦21. 

This can be done using prompt input, which allows 
GPT to create code that can be run on Colab. All results 
from student practice appear are shown in Figure 8, 
consisting of a prompt, code, and results. The important 
part is creating the prompt, which in Figure 8 has been 
translated from Thai to English, as follows: 

 
Figure 7. Prompt, code, & results arising from results of students’ exploration of equation 6 numerical solutions (Source: 
Authors’ own elaboration) 

 
Figure 8. Prompt, code, & results arising from results of students’ exploration of equation 7 numerical solution (Source: 
Authors’ own elaboration) 
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Write Python to find the numerical solution of the 
system of equations: 

x(n+1)=4x(n)+6y(n)-12 

y(n+1)=4y(n)-3, x(0)=3, y(0)=5  

Show table n with x(n) and y(n), graph n and (x[n], 

y[n]) with markers, and values (x[21], y[21]). 

Results of student exploration of numerical solution of 
equation 8 

Find the numerical solution of a system of differential 
equations: 𝑥𝑛+1 = 𝑥𝑛 + 2.5𝑦𝑛 − 0.1𝑥𝑛

2 − 1 and 𝑦𝑛+1 =

𝑦𝑛 +
5

𝑥𝑛
− 1 when (𝑥0, 𝑦0) = (4.5,1.35) and find the value 

(𝑥25, 𝑦25). 

Enter prompt input, as shown in Figure 9, which is 
translated from Thai to English, as follows: 

Write Python to find the numerical solution of the 
system of equations: 

x(n+1)=x(n)+2.5y(n)-0.1(x[n]2)-1 

y(n+1)=y(n)+(5/x[n])-1, (x[0], y[0])=(4.5, 1.35) 

Show a grid n with x(n) and y(n), graph (x[n], y[n]) 

markers, and values x(25), y(25). 

When GPT receives the prompt, it creates code and 
runs it on Colab to produce results. This is shown in 
Figure 9, which is divided to show the prompt, code, and 
results as student work. 

Students have completed the learning process when 
they have finished phase I, preparing basic knowledge 
for finding numerical solutions of difference equations 
on Colab, and phase II and practicing the process of 
finding numerical solutions of difference equations with 

 
Figure 9. Prompt, code, & results arising from results of students’ exploration of equation 8 numerical solutions (Source: 
Authors’ own elaboration) 
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GPT and Colab. These two components are what propel 
the Phase III learning process, which involves exploring 
numerical solutions to differential equations with GPT 
and Colab, to reach its goal. Creating prompt input by 
students adheres to the principles of effective prompt 
writing (Ekin, 2023; Heston, 2023; Krause, 2023), which 
can be summarized, as follows: 

Prompt writing should consider objectives, 
conditions, inputs, and desired outcomes. 

The prompt structure should be clearly organized 
to produce a response that matches the expected 
outcome. 

Prompts should be written in simple, 
straightforward language. Avoid using overly 
complicated vocabulary.  

The phase III learning process reflects the individual 
learner’s successful completion of finding numerical 
solutions to difference equations. 

Students’ Self-Efficacy in Finding Numerical 
Solutions to Difference Equations 

After completing all three phases of the learning 
activities, a survey was administered to determine the 
students’ self-efficacy in finding numerical solutions to 
difference equations. The results are shown in Figure 10. 

Overall, students’ self-efficacy in finding numerical 
solutions to difference equations is at a high level, 
especially in areas S6 and S8, which discuss strategies 
and the use of technology to find numerical solutions to 
difference equations. This indicates that GPT and Colab 
have a positive effect on student learning. The most 

powerful factor affecting the level of self-efficacy is that 
a person has had successful experiences in that regard 
(Aswin & Herman, 2022; Firdaus et al., 2021; Shang et al., 
2023). This means that students achieved a successful 
experience in finding the numerical solutions to 
difference equations using GPT and Colab as learning 
tools. Self-efficacy, therefore, reflects the learner’s 
competence in finding numerical solutions to difference 
equations. 

The above results serve as evidence of achieving the 
objectives of this research, which aimed to study the 
level of self-efficacy in finding numerical solutions to 
difference equations among students who have 
undergone learning in this topic. This was achieved by 
integrating GPT and Colab as learning tools, enabling 
students to explore numerical solutions to difference 
equations. However, a cautionary note is that students 
must be aware that using GPT without a conceptual 
foundation and procedural knowledge on the subject is 
insufficient. In the context of this research, students need 
to acquire knowledge first and then utilize GPT as a tool 
to enhance their ability to find numerical solutions to 
difference equations. This reduces the complexity of the 
required computer program coding. 

CONCLUSIONS 

For higher education classrooms, it is critical to focus 
on learning management and employ educational 
research to assist in problem solving. Real problems 
arose in learning to find numerical solutions in this 
research context. It is not just the content of the 
difference equations that is being investigated, but also 
includes other mathematics topics for which closed 

 
Figure 10. Survey results of students’ self-efficacy in finding numerical solutions to difference equations (Source: Authors’ 
own elaboration) 
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solutions are unavailable. This necessitates estimating 
the solution numerically. Students rarely have positive 
experiences when learning and practicing numerical 
solutions since proficiency in a variety of areas is 
required. Both mathematical content and computer 
programming capabilities are necessary. GPT and Colab 
were used as learning tools for students to develop 
numerical solutions to difference equations through a 
learning process designed in three phases. This is a 
departure from the traditional, complicated numerical 
solution process and is easier. The role of students is 
changed from being mathematical programmers to new 
duties. The student’s task is to analyze the problem to 
find a numerical solution to an equation. Then, they use 
the analysis results to formulate prompt input and feed 
this to GPT to create Python code. Then, this code is run 
on Colab to check and summarize the results. The 
learner in effect becomes a prompt engineer. All research 
results arise from the three phases of the learning 
process. The students’ learning processes are reflected in 
their performance, as are their self-efficacy levels in 
finding numerical solutions to difference equations. 
Combining GPT and Colab as learning tools for students 
to explore numerical solutions to difference equations 
supports their success. All of these things reflect the 
power of the many innovations taking place today and 
can be applied in a classroom context. Doing so will 
develop student skills so that they can use newly 
developed tools to solve problems. 
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