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Abstract 
This paper presents research on the argumentation that preservice teachers perform when 
designing and teaching geometry. Argumentation is associated with speech acts carrying 
didactical intentions. This research study features of preservice teachers’ argumentation when 
explaining geometry tasks both to peers, during preparation and discussion of designed activities, 
and to students in the classroom. This is qualitative research and the results support establishing 
relationships between the didactical dimension of the didactic-mathematical knowledge model 
and some characteristics of the argumentation that preservice mathematics teachers exhibit 
during their planning and teaching. 
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INTRODUCTION 
Several authors explore the argumentation, not only 

as an activity performed by teachers during their classes 
but also as a factor in student education in science 
(Duschl & Osborne, 2002; Erduran, 2007; Jimenez-
Aleixandre & Erduran, 2007; Soysal, 2015). In 
Mathematics Education, several papers have explored 
argumentation and its relationships with proof (Boero et 
al., 2010; Bussi et al., 2006; Campbell et al., 2020; 
Miyakawa, 2017; Pedemonte, 2007; Shinno et al., 2018; 
Turiano & Boero, 2019). 

The complexity of the teacher verbal and didactical 
activity (Muller et al., 2009) do not allow ‘only’ 
considering the deduction rules of Aristotelian logic but 
requires the use of ‘persuasion’ (Manghi, 2010; 
Perelman, 1997) and dialogue (Duschl & Osborne, 2002; 
Muller et al., 2009) for it to be studied. The mathematics 
classes are based, mostly, on verbalization of 
instructions; thus, the teacher uses, either consciously or 
unconsciously, argumentation theory resources. The 
Toulmin’ model (1958) has been used for the analysis of 
arguments in mathematics education as it deals with 
logic-substantive attributes of the arguments of both pre-
service teachers (Arzarello & Sabena, 2011; Erkek & 
Bostan, 2019) and elementary schoolers (Cervantes-
Barraza et al., 2019; Douek & Scali, 2000; Goizueta & 

Planas, 2013); warrants (Rumsey et al., 2019; Tristanti et 
al., 2015). Even though the Toulmin’ model (1958) has 
been widely used to study the structure of arguments, 
many studies report its limitations (Conner et al., 2014; 
Harada, 2009; Metaxas et al., 2016; Molina et al., 2019; 
Nielsen, 2011; Simpson, 2015) to study the dialogical and 
dialectical elements of verbal interactions that take place 
in the classroom.  

Due to the complex nature of the argumentation 
process for both students and teachers, in this study we 
have set ourselves the objective of characterizing the 
arguments of in service teachers (based on their 
dialectical and rhetorical attributes) when they design 
and teach Euclidean geometry. The structure of the 
argument refers to its components: data, conclusions, 
guarantees, supports, modal qualifiers, and rebuttals. In 
order to do this, we use the Toulmin’s model because it 
helps us to understand the argument’s structure. 
However, to understand the characteristics of the 
arguments we must go beyond the structure (Harada, 
2009; Nielsen, 2011), for which reason we complement 
Toulmin’s model with the inclusion of rhetorical 
(Perelman, 1997) and dialectical (van Eemeren et al., 
2006) attributes of the argumentation.  
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In this paper the complexity of argumentation is 
manifested by a process “…that includes all the 
assumptions (initial data and warrants) of the full 
argumentation, but which hides the relationships 
between these assumptions.” (Knipping & Reid, 2015, p. 
90). In our case more features are considered (data, 
warrants, claim, and rhetorical resources) than supposes 
paying attention to more variables and nuances in the 
argumentation process. 

The results of our study show evidence that the 
proper use of the structures and attributes of the 
arguments promote suitable didactic-mathematical 
practices by future teachers, which impacts the 
generation of learning for their future students. 

THE ROLE OF THE ARGUMENTATION IN 
THE INSTRUCTIONAL PROCESSES 

When argumentation is studied from a logical 
perspective, the subject which arguments, is not 
considered, while rhetoric and dialectic consider a 
communicative context where a sender and a receiver, 
who is part of an audience, take on protagonist or 
antagonism roles. The classroom is an environment 
where argumentation, guided by deductive logical rules, 
is not enough to reach neither the students’ participation 
nor the learning of mathematics (Crespo et al., 2010), 
other resources must certainly be used. Argumentation 
in the classroom is an activity that can be performed both 
in oral and in written form, that is to say, argumentation 
is a social activity where teacher addresses students with 
didactical intentions. Johnson (2000, p. 12), defines 
argumentation as “the socio-cultural activity of 
constructing, presenting, interpreting, criticizing and 
revising arguments”. He considers that proper work has 
to be done towards a better theory of argument in order 
to have a balanced theory of argumentation.  

Duschl and Osborne (2002, p. 41), defines 
‘argumentation’ as a “social and collaborative process 
necessary to solve problems and advance knowledge”, 
through acts of communication, where teachers request 
and offer arguments (Habermas, 1999) based on 
questions and answers to both their peers and students. 
In this paper argumentation is defined as a social, 
collaborative, rational and verbal process where a 
subject addresses another; it is social as it is used in the 
classroom by students and teachers alike to discuss 
mathematics; it is collaborative because an agreement is 

reached with the help of students and teachers, it is 
rational as it aims to present or to defend a point of view, 
so a critic accepts it with a reasonable attitude (van 
Eemeren et al., 2006), and verbal as it is deployed either 
in oral or written form (van Eemeren et al., 2006). 
Argumentation is well recognized in science teaching as 
a competency that should be promoted in students, but 
argumentation is limited to proof in mathematics 
education. Argumentation as knowledge and 
competency is disconnected from teacher knowledge 
and from its use in the classroom, so the objective is to 
find a link between features of argumentation and 
teacher knowledge.  

Teachers, in general, may feel unprepared to teach 
argumentation (Gabel & Dreyfus, 2013; Reid & Zack, 
2011). Teachers and students alike face similar 
difficulties in dealing with argumentation. One of the 
most challenging goals for mathematics teachers refers 
to helping students in the development of 
argumentation “[...] to design means to support teachers 
in developing forms of classroom mathematics practice 
that foster mathematics as reasoning and that can be 
carried out successfully on large scale” (Yackel & Hanna, 
2003, p. 234).  

In science education, many researchers have reported 
positive results on developing conceptual learning and 
skills related to argumentation (Jiménez-Aleixandre & 
Pereiro Muñoz, 2002; Mendonça & Justi, 2013; Sampson 
et al., 2013). The literature reports evidence of teachers’ 
importance in promoting students’ engagement in 
argumentation and developing their knowledge related 
to this practice in the classroom. McNeill and Pimentel 
(2010) report that there is a relationship between 
teachers’ practice working with instructional material 
explicitly designed towards argumentative practice and 
the development of students’ writing and 
argumentation. The latter implies that teachers need 
help to gain experience or knowledge about the teaching 
of argumentation and, to help teachers, it is necessary to 
investigate the use they make of argumentation while 
teaching mathematics. According to Fielding-Wells 
(2014, p. 28), “…if argumentation as a pedagogical 
practice has demonstrated potential for deepening 
discipline-specific understandings in science education, 
a sister’ science with mathematics, it is a worthwhile 
endeavor to consider its potential for similar affordances 
in mathematics education.” There is no much research in 
mathematics educations dealing with the teacher 

Contribution to the literature 
• The paper proposes a relationship between preservice teacher didactic-mathematic knowledge and 

logical, rhetorical, and dialectical qualities. 
• The paper uses elements of argumentation to study the teaching of mathematical concepts and uses 

them to understand the complexity of teaching mathematics. 
• The paper proposes to use the DMK model of teacher knowledge to study geometry teaching activities. 
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preparedness to teach mathematics while stressing the 
benefits of argumentation. 

In this paper, we study mathematics pre-service 
teacher argumentation features that includes not only 
distinctive elements of mathematics (logical-deductive 
argumentation) but also elements from argumentation 
theory (Harada, 2009). We assume a pragmatic 
perspective of argumentation and study argumentation 
indicators, rhetorical resources and argumentative 
features identified in the argumentations of pre-service 
teachers while teaching. The research question deal with 
the link between argumentation features in our chosen 
argumentation definition and some characteristics of a 
model for the mathematics’ teacher knowledge. 

TEACHERS’ DIDACTIC-MATHEMATICAL 
KNOWLEDGE 

The international research has led to 
conceptualizations (and models) on teachers’ knowledge 
to teach mathematics. However, even though some (Hill 
et al., 2008; Rowland et al., 2005; Schoenfeld & Kilpatrick, 
2008; Shulman, 1986), none offer tools to analyze the 
didactic knowledge. The Didactic-Mathematical 
Knowledge Model (DMK) (Pino-Fan, Assis, & Castro, 
2015; Pino-Fan, Godino, & Font, 2016) offers epistemic, 
interactional features mediational facets allow studying 
the didactical dimension for teaching. The features can 

be linked to comprehending the paper of argumentation 
in mathematics teaching.  

The Didactic-Mathematical Knowledge model (Pino-
Fan, Godino, & Font, 2016) interprets and characterizes 
the teacher’s knowledge from three wide dimensions: 
mathematical, didactical and meta didactic-
mathematical (Figure 1). This model has been widely 
addressed in Pino-Fan, Assis, and Castro (2015). In this 
paper, we only explore epistemic, interactional and 
mediational facets. According to Pino-Fan, Assis, and 
Castro (2015, p. 1434-1436): 

• Epistemic facet refers to specialized knowledge of 
the mathematical dimension. The teacher, apart 
from the mathematics that allow him solving 
problems which require him mobilize his 
common and extended knowledge, must have a 
certain amount of mathematical knowledge 
‘shaped’ for teaching; that is to say, the teacher 
must be able to mobilize several representations 
of a mathematical object, to solve a task through 
different procedures, to link mathematical objects 
with other mathematical objects taught at a certain 
educational level or from previous or upcoming 
levels, to comprehend and mobilize the diversity 
of partial meanings for a single mathematical 
object, to provide several justifications and 
argumentations, and to identify the knowledge at 

 
Figure 1. Dimensions and components of Didactic-Mathematical Knowledge (Pino-Fan, et al., 2015, p. 1433) 
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play during the process of solving a mathematical 
task. 

• Interactional facet refers to the knowledge of the 
interactions that occur within a classroom. This 
subcategory involves the required knowledge to 
foresee, implement and evaluate sequences of 
interaction, among the agents that participate of 
the process of teaching and learning, oriented 
towards the fixation and negotiation of meanings 
(learning) of students. These interactions do not 
only occur between the teacher and the students 
(teacher-student), but also can occur between 
students (student-student), student-resources, 
and teacher-resources-students. 

• Mediational facet refers to the knowledge of 
resources and means that might foster the 
students’ learning process. It deals with the 
knowledge that a teacher should have to assess 
the pertinence of the use of materials and 
technological resources to foster the learning of a 
specific mathematical object, and also the 
assigning of time for the diverse learning actions 
and processes. 

The three facets are highlighted in Figure 1, and they 
are used in this study because we want to investigate the 
integration the teacher does among features related to 
mathematical wealth (representations, concepts, 
definitions, properties, procedures), the wealth of 
interactions that occur in the classroom and the 
resources and means that it uses to manage the classes, 
and how this integration uses it to carry out 
argumentation processes with suitable use of dialectical 
and rhetorical elements. This would allow teachers to 
provide arguments adjusted to the educational level in 
which they work, without detracting from their 
mathematical wealth. The model takes into 
consideration (Pino-Fan et al., 2016): 1) the contribution 
and development of the theoretical framework known as 
Onto-Semiotic Approach (OSA) to cognition and 
mathematical instruction, which has been developed in 
several research studies by Godino et al. (Godino & 
Batanero, 1994; Godino et al., 2007); 2) the development 
and contribution of Godino’s research (2009) where the 
foundations and basis of DMK are presented; 3) the 
findings and contribution of the several models that 
currently exist in Mathematics Education Research –
Shulman (1986); Grossman (1990); Ball et al. (2008); Hill 
et al. (2008); Schoenfeld and Kilpatrick (2008); Rowland 
et al. (2005) –; and 4) the results obtained in several 
empiric studies (Pino-Fan et al., 2011, 2013). 

CONTEXT OF THE STUDY AND DATA 
ANALYSIS 

The research was conducted in the School of 
Education, University of Antioquia, during pre-service 
teachers teaching internship. During it, they design 

classes and teach elementary schoolers. This research 
considers two scenarios, of one-semester duration each: 
one for class design and discussion, and another one for 
teaching. Pre-service teachers chose to design and to 
present classes on Euclidian geometry in elementary 
school. They had attended Euclidian geometry and 
geometry methods courses. In Colombia, education is 
ruled by curriculum guidelines issued by the Ministry of 
Education that acknowledge features related to school 
geometry (MEN, 1998). 

Three pre-service teachers participated in this 
research, by the pseudonyms Carlos, Helena, and Maria, 
who enrolled in the Seminar during a year and a half. 
Two pre-service teachers attended the course, but did 
not enroll; they will be called Peer 1 and Peer 2, their 
argumentations were not analyzed, but they 
participated during the teaching planning sessions. In 
what follows, we offer evidence of features of pre-service 
teachers’ argumentations identified, either in the 
seminar scenario or in the classroom scenario. All the 
video and audio segments were transcribed and 
analyzed by the three authors, using progressive coding, 
which helped determine the segments analyzed in detail. 
The segments were analyzed using the theoretical 
framework composed by Toulmins’ proposal, the facets 
of mathematical didactic knowledge, and rhetoric 
elements such as metaphors, models, and examples. 
With these elements and with an analysis rubric, the 
arguments were reconstructed. 

ARGUMENTATIVE STRUCTURE: DATA, 
WARRANTS AND CLAIM 

Toulmin (1958), proposes that an argument is based 
on three components: data, warrants, and claim. The 
claim, refers to a conclusion or to a point view expressed 
by someone, and the data support assertion when it is 
challenged, and the warrant presents the incidence of the 
data in the assertion when it is challenged how the data 
can be connected (or support) the assertion. So, the 
warrant can be expressed by a rule that acts as a bridge 
between the data and the claim; in other words, the 
warrant is the transition from data to claim. Warrants are 
used not only to guarantee that the relationship 
(implication) is valid but also are to be taken as 
knowledge about definitions, theorems, properties and 
statements based on the experiences of those who 
participate in the argumentation process, therefore, we 
place greater emphasis on this study. In geometry 
teaching, the equivalent of warrants is the theorems or 
properties, while the backing usually is referred to as the 
explanations, where students resource to examples or 
particular cases. We decided to study the epistemic facet 
of the DMK model, which can be assimilated to the 
warrants in Toulmin theory. 

Even though the seminar preceded the classroom 
teaching to schoolers, we will comment on the fragments 
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in accordance with the features we want to stress. Next 
segment corresponds to a design session, presented by 
Carlos. 

A Priori Warrants with the Use of Tools 

A priori warrant refers to ‘epistemic’ or theoretical 
statements known beforehand for those who participate 
in the argumentation, meanwhile, tools refer to both 
software and tangible materials to support explanations 
(Baccaglini-Frank & Mariotti, 2010). This type of warrant 
appeared several times both in the seminar and in 
classes. The use of tools required knowledge that falls in 
the mediational facet of the DMK model. This 
knowledge can be discussed during teacher training 
(Ebby, 2000) but most of the time it should be acquired 
through the teaching experience (Eisenhart et al., 1993). 
The bold format is used for argumentative indicators 
(Van Eemeren et al., 2007) that are important throughout 
the discussion of the argumentative segments. Numbers 
on the left stand for each participant’s turn to speak and 
are referred back later in the text; they are not sequential 
because they refer to fragments taken from interviews. 

1 Researcher: How would you teach the 
Pythagorean Theorem to ninth 
graders? 

2 Helena: I would like to explain it using the 
Bhaskara puzzle, who was an Indian 
mathematician that created a puzzle... 
with the square formed here and with 
the other one formed here, to show 
that the sum of these two squares 
equals this other square (Figure 2). 

The teacher proposes to use paper sheets to introduce 
the theorem through Bhaskara’s verification (Figure 2); 
and then proceeds to verify the theorem, by coupling the 
triangles. The teacher coupled the triangles but did not 
discuss the algebraic equalities. Asked by the researcher 
about the purpose of writing down those equalities and 
do not refer to them during his teaching, the pre-service 
teacher said that she did not know how to explain the 
equalities geometrically, though she establishes that she 

does know how to prove the validity of the algebraic 
equalities. 

This segment shows that without proper 
mathematical knowledge teachers are unable to advance 
their students in learning certain mathematics subjects, 
the epistemic facet affects the good teacher intentions 
when taking illustrations to class. The presence of 
algebraic equalities, whose relationship to the geometric 
graphics are not known to the teacher, stresses how 
important for the pre-service teachers is to relate the 
mediational and the epistemic facet of the DMK model. 
The use of resources requires mathematics knowledge in 
order to achieve adherence (Perelman & Olbrechts-
Tyteca, 2006). According to Conner et al. (2014) the 
teacher support for collective argumentation “allows an 
explicit focus on the warrants provided in a class as an 
indication of the reasoning that is being made public” (p. 
424).  

Another example of warrants with the use of tools, 
during the seminar, happens when Carlos uses 
GeoGebra, the calculator and Figure 3, [33] to discuss the 
Pythagorean Theorem in the seminar. The tool here has 
several layers: GeoGebra, calculator, and figure. 

33 Carlos:  What relationship can I establish out 
based on the graphic? May I use the 
calculator? [Pre-service teacher refers 
to graphic shown in Figure 3] 

34 Carlos: 6,51 – 6,45 equals 0, 06 It is not equal, it 
is not, it is different. 1,63 + 6,45, is 
obviously not 6,51. I don’t see any 
relationship. Maybe there is one, but I 
don’t see any. [Numbers refer to those 
that are shown by GeoGebra, Figure 3, 
when increasing and decreasing the 
legs of the triangle]. 

35 Researcher: So, we would have to move... what? 
36 Carlos: We would have to move... We could 

move... [Pre-service teacher refers to 
the length of legs and hypotenuse] 

I don’t know... If I go a little further... 
[Referring to increase the length] 

37 Peer 1: There, you’re onto something! 
38 Carlos:  Let’s say it’s not a right triangle, as I 

make it a right triangle; the two legs 
get closer and closer to the sum of the 
hypotenuse. 

39 Carlos: I want to see something [He explores 
several triangles]. 

The exploration is made using the software in order 
to design what Carlos “wants to see”. 

The pre-service teacher uses GeoGebra to explore 
both the right triangle and the rectangles built on its 
sides and tries to use this dynamic exploration as a 
guarantee to conclude the validity of the Theorem. He 
notes that there is no conjecture [34]; and raises, through 

 
Figure 2. Pythagorean Theorem according to Bhaskara 
Source: Designed by a pre-service teacher 
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the modal qualifier ‘may,’ the possibility of the existence 
of conjectures. On this episode, the pre-service teacher 
uses a mediational tool to discuss his class, and with the 
help of the software manages to stress how precise is the 
relationship among triangle side lengths and the 
‘numeric’ relationship among them. This episode 
illustrates how the use of appropriate tools can help the 
teacher develop his class. During his teaching in the 
classroom, with real pupils, he developed his class 
attached to his planning. The use of a priori warrants 
with the use of tools presents a nuance to the concept of 
warrant, where teachers use a resource to help convince 
their students of the validity of the teachers’ 
mathematics statements. 

A Priori-Epistemological Warrant 

A priori-epistemological warrant refers to the use of 
definitions or theorems, used by pre-service teachers. 
These warrants are related to the Mathematical 
Dimension of the knowledge a teacher must possess in 
order to teach mathematics. According to Nardi et al. 
(2012), these warrants are ‘a priori’ because they are 
previously known by the person who is discussing. Even 
though all warrants should be known beforehand 
during teaching, both teacher and student, use data 
presented during the argumentation, no matter if the 
data was unknown in advanced by those discussing. 

Next segment corresponds to a design session, 
presented by Carlos. Numbers on the left stand for each 
participant’s turn to speak and are referred back later in 
the text. Numbers are not sequential because they refer 
to fragments taken from interviews. The bold format is 
used for argumentative indicators (Van Eemeren et al., 

2007) that are important throughout the discussion of the 
argumentative segments.  

The following segments correspond to a seminar 
session where pre-service teachers presented their 
planning to teach the Pythagoras theorem. The 
researcher asks the pre-service teachers ‘how would you 
teach the Pythagorean theorem in ninth grade?’ Carlos, 
take the lead: 

10 Carlos: I would do it using segments... I would 
draw a segment.  
Then I trace the perpendicular line, 
trace a ratio three, then a ratio four and 
join the intersections.  

11 Peer 2: Could we do it? [Draw a right triangle 
in a different position, Figure 4]. 

12 Carlos: But I would use the standard right 
triangle position…I think students 
could misunderstand… 

13 Peer 1: I think you are right…it is much better 
to use the standard position [Draw a 
right triangle in a standard position- 
Figure 5] 

The phrase ‘I would do it’ implies a possible action 
related to a definition for ‘perpendicular’, ‘ratio’ and 

 
Figure 3. Theorem for any triangle 
Source: Designed by Carlos 

 
Figure 4. A tilted right triangle 
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‘intersections’ consistent with a priori-epistemological 
warrant [10]. Even though they lack teaching experience, 
pre-service teachers choose to draw the right triangle to 
ease a pupil’s comprehension. This competence is linked 
to the mediational and interactional facet of the DMK 
model.  

Next segment is taken from a session where 
Pythagoras theorem is taught to schoolers for the first 
time. Helena is the pre-service teacher who presents her 
planning.  

Helena used a powerpoint -Figure 2- to teach her 
class. 

21 Helena: Then the point is to reconcile it 
[pointing at the graphic] [with] the 
algebraic part...  

We could say that there’s a triangle with an ‘a’ 
side, and ‘b’ side would be the other leg and the 
hypotenuse is, let’s say, ‘c’ side; then how do we 
manage to figure that out? I mean, how could they 
get to that very algorithm to demonstrate that it 
can be the case for any triangle? … but now I know 
that it happens for every right triangle (Figure 2). 

Helena refers to legs and hypotenuse, proposes the 
theorem’ formalization, that presents the use of a priori-
epistemological warrant [21]; the teacher does not 
explain the meaning of the leg, hypotenuse, algebraic 
part, and right triangle. The researcher, after the class, 
questions Helena about the terms leg and hypotenuse 
and her not referring to them; Helena says that students 
are supposed to know the meaning, which is required to 
understand the explanation. 

The lack of mathematical knowledge affects the 
mediational and interactional facet. It seems that the pre-
service teacher fails to manage the epistemic and the 
mediational facet as well. 

Empiric-Professional Warrant 

Empiric-professional warrants refer to the use of 
previous teaching experience (Nardi et al., 2011) to solve 
instructional situations. These warrants refers to the 
knowledge that teachers should have about students 
learning (Hill et al., 2008; Shulman, 1986). Although pre-
service teachers have little teaching experience, they 
claimed that have gained experience during their 
teaching practice. In one seminar design session, the 

teacher educator proposed the following hypothetical 
situation to the pre-service teacher: ‘a student may ask 
about the position of the tracing in the drawing of a right 
triangle’ and raises the question [13], so Helena defends 
her stance (McClain, 2009). Carlos, Helena’s partner, 
participating in the session, asks her a question, then she 
answers with an empiric-professional warrant related to 
the positions of a right triangle [17] (Figure 2). This 
warrant uses the teacher’s experience to support 
teaching actions. The role of the teacher´s experience in 
this segment is appreciated.  

In the following episode, Helena discusses along with 
colleagues about the possible positions for a right 
triangle. Helena draws a triangle, Figure 6, where the 
hypotenuse is drawn horizontally. 

12 Helena: This is right triangle… you see…. 
[Pointing at the right angle] 

13 Teacher: Helena! A student could say: Teacher, 
you’re wrong! Look, there you’re 
doing it in that position [Shown in 
Figure 6], and here the triangle has 
been drawn in this way? [On the 
position of the right triangle] (Figure 
2). 

14 Teacher: What would you reply? 
15 Helena: Well, I would tell them that those 

triangles are congruent and are the 
same, just, from other perspectives, 
from the center of the square. 

16 Carlos: I mean, when you get the half …there 
you’re going to trace... 

17 Helena: The thing is the student tends to say 
that if I do this [she refers to the right 
triangle in standard position], then it is 
no longer a right triangle. 

INTENTION OF THE ARGUMENTS 
The argument’ intention has been studied by several 

authors (Perelman, 1997, 2007; Perelman & Olbrechts-
Tyteca, 2006). In mathematics education, several studies 
have reported about argument intentions shown by 
elementary schoolers or by pre-service teachers, for 
example, arguments to validate (Balacheff, 1999, 2000; 
Harel & Sowder, 1998; Hoyles & Küchermann, 2002); 
arguments to justify (McClain, 2009); arguments to rebut 
(Balacheff, 1999, 2000; McClain, 2009; Reid et al., 2011); 
arguments to defend (McClain, 2009); arguments to 

 
Figure 5. A right triangle 
Source: Drawn by pre-service teacher 

 
Figure 6. A right triangle 
Source: Drawn by pre-service teacher 
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explain (Balacheff, 2000; De Villiers, 1993) and 
arguments to persuade (Arzarello & Sabena, 2011; 
Crespo et al., 2010; De Villiers, 1993; Goizueta & Planas, 
2013a, 2013b; Reiss & Renkl, 2002). In pragma dialectics, 
the role of the intention is critical (C, 1999), but we do not 
take that perspective in this work. In this paper we 
assume the definition “Intention is the impulse to 
persuade others is a constructive and valuable aspect of 
human symbolic interaction” (Jørgensen, 2007, p. 165). 

The intention of the speech act tends to be following 
the curriculum objectives, which derivates to secondary 
intentions (Reed & Long, 1997) that we associate with 
“auxiliary” intentions which are: to validate, justify, 
rebut, defend, explain and persuade. In this paper, the 
arguments to validate are considered with epistemic 
reasoning; the arguments to justify, rebut, explain, 
persuade and defend, with teleological reasoning. We 
will discuss episodes taken from both class design and 
classes with kids. 

To Validate 

The speech acts in the classroom are interactive, and 
can be of confirmation, if the speaker agrees or 
invalidation if he is not. The teacher acts of confirmation, 
on a student idea, are assumed as validation no matter if 
the idea is mathematically incorrect. Sometimes the 
teacher accepts students’ ideas to promote participation 
and class discussion. Candela (1991) proposes social 
classroom knowledge construction based on the oral 
discussion that promotes students scientific training. 
Validation refers to the checking or proving the accuracy 
of a statement. 

The following segment is taken from the seminar, 
where Carlos presented his intended class about 
diagonal lines. 

1 Carlos: Can anyone tell me what a diagonal is?  
2 Peer 1: A diagonal is a line or a segment…. 

[Describe a tilted line with the hand] 
3 Carlos: What is that…what does it mean? 

[Referring to his classmate gesture] 
4 Peer: A diagonal… 
5 Carlos: A diagonal is always like the one in 

[power point] slide? [Figure 7] 
6 Carlos: Please students [addressing his 

classmates] discuss with your 

classmates and then propose an idea of 
what a diagonal line is…  

After a while: 
7 Carlos: Ok, let’s resume…what did we say? 
8 Peer 2: We say it’s a straight line we trace 

when we’re going to do something. 
9 Carlos: Always?  
10 Student: It doesn’t always have to be straight. 
11 Carlos: No, I’m talking about: “always...” 
12 Student: We always trace it? No, also when you 

walk in a diagonal 
13 Carlos: An imaginary line!? 
14 Student: Yes! That too! 
Line 9 and Line 13 presents Carlos’ intention to 

validate the information. Carlos asks about diagonal 
drawing with the intention to highlight the relation 
between a diagonal line and a horizontal line. He 
presents question [2] with the intention of validating 
statement [1]. 

The intention to validate occurs when the teacher 
tries to relate students’ points of views and mathematics 
knowledge, it is to say, teacher establish relationships 
between students’ ideas and what is accepted as 
mathematically valid. The pre-service teachers 
attempted to improve students’ concept of diagonal or to 
institutionalize it, based on the student personal 
knowledge (Godino et al., 2007) teacher action is needed. 
Teachers try to scaffold the development of 
argumentation based in norms (Makar et al., 2015). 

In the following segment, two pre-service teachers, 
Carlos and Helena, teach together and discuss the 
concept of diagonal line with schoolers using students’ 
ideas about the diagonal. The teachers raise questions 
both to motivate the participation of students [2, 3, 5 and 
6] and to question the definition of the diagonal line [4]. 

1 Carlos: What else? 
2 Student 1: When they take a ruler, and say 
3 Student 2: They say, trace a line, vertical, 

horizontal, diagonal. 
4 Carlos: So, a diagonal can be horizontal or 

vertical? 
The pre-service teacher shows students a power point 

slide [Figure 8. A Street is Calle is Spanish, and Carrera 
is a wider street]. In line 4 the pre-service teacher 
question that a diagonal line could be horizontal or 
vertical. The after-class interview let the researchers 
know that the pre-service intention was to question what 
he believed was a typical student idea: a diagonal line 
must be tilted. This episode draws on personal student 
knowledge and how the pre-service teacher tries to 
adapt that knowledge to a more precise one. Findings 
reported by (Brown, 2017, p. 198) suggest that aspects of 
collective argumentation such as students “…explaining 

 
Figure 7. Diagonal line 
Source: Pre-service teacher 
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and justifying their ideas to others and presenting ideas 
to the whole class for discussion and validation can be 
used by teachers to promote behavioural, emotional and 
cognitive engagement with mathematics”. 

5 Student 2: It’s from corner to corner, it’s like this 
[makes a diagonal hand gesture] 

6 Helena: That’s why they [students] made this 
gesture with their hands. 

To Rebut 

Rebuttal is understood as opposing points of view 
presented by others. For example Helena presents her 
students with a puzzle intended to introduce the 
Pythagorean Theorem [Figure 9]. Maria considers that a 
puzzle is not a good way to introduce the activity. 
Helena [17] questions Maria who did not consider the 
construction of the puzzle on the paper (Figure 9). 
Helena’s statement [18] intends to rebut Maria, 
emphasizing the need to revise her class preparation. 

16 Helena: In my class I would introduce the 
theorem with a puzzle… [Show the 
puzzle, Figure 9]  

17 Maria: A puzzle? I think it is not a good idea… 
18 Helena: No! If we’re going to do it in a certain 

way, the thing is you think I would do 

it with the construction. Right?... but a 
puzzle is a construction… not need to 
use classical geometric construction 
with ruler and protractor… 

19 Maria: Much better… 
20 Helena: I thought it was an interesting sketch 

of the idea per se, that will always be 
practical, something to construct… so 
the youngsters [her students] has the 
opportunity to reach that formal 
statement. Yes, interesting! 

In another class, Carlos proposes a question about 
diagonals. 

1 Carlos: You tell me…where diagonals are 
used?  

2 Student 2: Diagonal is used in house 
addresses…some addresses such as 
streets, avenues, diagonal, parks, 
alleys… 

3 Carlos: Who has more…ideas? 
4 Carlos: Show me! 
5 Student 1: I think that it’s useful for art, and 

technology class, giving addresses and 
tracing maps. 

6 Carlos: How do you use it when tracing maps! 
I didn’t know that one! 

7 Carlos: Can you tell me is the geometric idea 
of diagonal is the same idea used in 
addresses as our colleague-student 1- 
has said?  

8 Carlos: How do you use it when tracing maps! 
I didn’t know that one! 

In [6 and 7] Carlos has the intention of rebutting the 
relationship between diagonal lines and mail addresses 
[2], proposed by student 2. Van Eemeren et al. (2006, p. 
46), consider that argumentation “is always an attempt 
to justify or rebut something”. 

To Justify 

Justification refers to presenting reasons so that a 
previously presented idea can be considered as 
admissible within the dialogical argumentation. In other 
segment, Maria asks one student [43] about the 
importance of geometry. The student claims that “the 
column can support a house” and compares it with 
cylindrical geometric figures [46]. 

43 Maria: And is geometry important or not? 
44 Student 1: Well, I think it’s important. 
45 Maria: Why? 
46 Student 1: Well! Because geometry studies 

geometrical figures, which allow to 
make things; for example, let’s say a 
cylinder, as…, let’s say we’re building 

 
Figure 8. A diagonal shown to students 
Source: Designed by a pre-service teacher 

 
Figure 9. Pythagorean Theorem according to Bhaskara 
Source: Designed by a pre-service teacher 



Castro et al. / Preservice Teachers’ Argumentation and Relationships to Didactic-Mathematical Knowledge 

 
10 / 20 

a house and I need a rod for a column, 
thanks to the cylinder I have that rod 
to build the house. 

In both cases, the arguments, expressed through 
questioning, have the intention of justifying features of 
the mathematical objects been studied. In this paper, 
justify is tantamount to give a good reason. Mercer 
(2009) reports that “teacher’s contributions include 
“reasoning words” such as “what,” “how,” “if” and 
“why” as the children are lead through the activity” (p. 
188); the author reports that “children’s individual 
reasoning capabilities appeared to have been improved 
by taking part in the group experience of explicit, 
rational, argumentation and collaborative problem 
solving” (p. 191). 

To Explain 

Explanation refers to allowing a participant to help 
others understand a specific idea. In a segment that 
corresponds to a class where ‘diagonal’ is discussed, 
Carlos asks for arguments in order to explain ([9] and 
[11]). 

7 Carlos: How do you use it [diagonal] when 
tracing maps! I didn’t know that one! 

8 Student 1: Of course! With a compass! I mean, no! 
Not with a compass! With a... 

9 Carlos: When do you use it in a map? 
10 Student 1: When you have to trace and angle, 

let’s suppose it’s an obtuse angle, 
you’d have to trace a diagonal from the 
middle point up to that angle. 

11 Carlos: In that moment, is it a diagonal? 
In a Seminar session, Carlos and a peer 
discuss a task. 

29 Peer 1: What is the relationship between the 
sum of the areas of the drawn squares 
in each leg77 and the area of the square 
drawn on the hypotenuse? 

30 Carlos: Then 16+9 equals 25. Just as the big 
square! That would be the 
relationship, or if I compare this one 
with this other one. i.e., 25−9 equals 16 
or 25−16 equals 9 (Figure 10). 

Peer 1 asks Carlos about the relationship between the 
areas of the squares on the legs and the hypotenuse of 
the right triangle. Carlos states the mathematical 
relationship through the indicator ‘then’ [30], which 
expresses an intention to explain (De Villiers, 1993). This 
numerical relationship matches the sum of the squares 
of the length of the legs [30]. Carlos replies using the 
argumentative indicator ‘then’ [30], which intends to 
explain. 

RHETORICAL RESOURCES 
Argumentation considers rhetorical resources as an 

essential instrument to study the speaker argumentative 
intention. Several authors acknowledge the importance 
to involve students on actual science practices, among 
them, to argument and to use rhetorical resources to 
communicate findings and perspectives (Duschl et al., 
2007). Reid et al. (2011) consider rhetorical resources 
used by mathematics teachers as mediating tools. 
Among rhetorical resources, we find: example, 
illustration, model and metaphor (Perelman & 
Olbrechts-Tyteca, 2006). The model of didactic-
mathematical knowledge considers the mediational 
aspect, which refers to different resources’ teacher uses 
to conduct the class (Bartolini & Mariotti, 2008; Pino-Fan 
et al., 2015). Even though some researchers (Bartolini 
Bussi & Boni, 2003; Durand-Guerrier et al., 2011) have 
studied the use of tools to study proof, our work study 
the use mathematics knowledge, tools and interaction by 
teachers to teach mathematics, but considering 
argumentation as the background of teacher’s didactical 
work.  

Among the linguistical resources used by pre-service 
teachers, we find: example, illustration, model and 
metaphor. The teacher uses these resources to support 
the comprehension of the mathematical objects under 
study. Here, we illustrate some uses, by the teachers, of 
these resources. 

Example 

It is a rhetorical resource based on a rule, and it 
supposes “the existence of regularities that examples can 

 
Figure 10. Pythagorean Theorem by Carlos 
Source: Designed by Carlos 
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attest”. Examples are used to persuade through 
empirical arguments (Harel & Sowder, 1998). The 
example’s scope is the generalization of the particular 
case, but not the very principle of the generalization 
(Perelman, 1997). Examples have the virtue of being 
representative of a broader category, and it is an element 
that possesses the most general characteristics. 

The following two episodes correspond to seminar 
sessions where pre-service teachers discussed their 
classes previous to real teaching. In the first episode 
Helena presents an example of the Pythagorean 
theorem, while the second episode deals with the 
discussion about the number of diagonals that can be 
drawn in a hexagon, the teacher wanted to discuss the 
general case of the number of diagonals in any polygon, 
and also wanted to relate this diagonal meaning to the 
one discussed before. 

During the discussion, Helena proposed the theorem’ 
formalization and used the definitions of both, leg and 
hypotenuse, which is related to the use of a priori-
epistemological category [21]. This argument 
corresponds with a generalization based on a particular 
case; the teacher wants to draw a general conclusion out 
of a particular case. According to Helena, the use of this 
resource will make the students to generalize the 
theorem out from a particular case [21]. The objective for 
this class was ‘the students will explore the number of 
diagonals in a polygon.’ 

21 Helena: Then the point is to reconcile it [with] 
the algebraic part, so we could say that 
there’s a triangle with an ‘a’ side, and 
‘b’ side would be the other legs and the 
hypotenuse is, let’s say, ‘c’ side; then 
how do we manage to figure that out? 
I mean, how could they get to that 
right algorithm to demonstrate that it 
can be the case for any triangle? And 
not build several pieces, but now I 
know that it happens for every right 
triangle (Figure 2). 

In the following segment, whose objective is to 
discuss about the number of diagonals that can be drawn 
in a polygon (Figure 11), taken from a class taught to 

schoolers, the teacher gives students a hand-out with 
copies of the same polygon and ask them to drawn 
segments or diagonals from every vertex, and count 
them. 

3 Student 2: What we have done is to draw lines 
from every vertex and count them… 
some of them are repeated…. See…We 
do with this one, and this one [pointing 
out the first three vertices and the 
segments], right? So, I go to this one, 
and then to this one and to this one, 
how many do we have there? 

4 Helena: Three, three, as well! 
5 Helena: Now, can anyone tell how do we find 

the number of diagonals in any 
polygon? 

6 Student: Drawing diagonals and counting 
them…we should not count twice! 

7 Helena: Well…any one?  
8 Helena: But if I tell you the numbers of sides in 

a polygon…can you tell me how many 
diagonals? [Students kept silent] 

Helena uses the example as a rhetorical resource and 
utters the expression ‘the same’ to indicate that the 
process is repeated. Even though she establishes that the 
objective is “to explore,” during the interview says that 
she wanted the students to find the rule to find the 
number of diagonals in any polygon. She intends the 
students, based on this example, to perform a 
generalization. Unfortunately, the students were not 
able to ‘jump’ to the general expression for the number 
of diagonals in a polygon. 

Asked about her intended objective and how the 
students fail to reach it, Helena admitted that an example 
based on a single polygon was not enough. In this case, 
the objective is clearly stated, and the material well 
designed, the interaction was not, because the students 
needed more time and more discussion to reach, at least, 
a verbal statement of the expression to find the number 
of diagonals. In this segment, the teacher knows how to 
solve the problem- epistemic facet-, has designed the 
task- mediational facet- but has failed in considering that 

 
Figure 11. Tracing of the diagonals from the second vertex 
Source: Designed by one student 
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the activity is difficult for the schoolers and more 
interaction was needed in order to reach her objective. 

Illustration 

Offering or demanding an illustration “serves to 
reinforce the adherence to a known and accepted rule, 
providing particular cases that make the general 
statement clearer, show its interest in the variety of 
possible applications, and increase its presence on 
conscience” (Perelman & Olbrechts-Tyteca, 2006, p. 546). 
The illustration can be described as the repeated use of 
an example whose purpose is both to show different 
aspects of the mathematical object in question and to 
reinforce students’ adherence. 

A student is asked to find the total number of 
diagonals that can be traced from each vertex of a convex 
polygon, Peer 2 traces diagonals from the second vertex 
(Figure 6); and appeals to illustration (Perelman, 1997); 
then uses both the expression ‘the same’ to indicate that 
the process is repeated using an example (Perelman, 
1997; Perelman & Olbrechts-Tyteca, 2006). The 
argumentation indicators ‘and’ [3], and ‘then’ [3] 
indicates that the argumentation progresses (van 
Eemeren et al., 2006, 2007). This segment ends with the 
question that Peer 2 raises to the auditorium, how many 
did we do there? to which Helena answers three [4]. This 
answer uses the indicator ‘as well’ referring to the last 
vertex. 

3 Peer 2: We continue with this one, the same 
for this and this one [indicating the 
first three vertices and the diagonals], 
right? So, I go to this one, and then to 
this one and to this one, how many do 
we have there? 

4 Helena: Three, three, as well! 

Model 

It means “the particular case [that] can be presented 
as a model to follow instead of an example or an 
illustration; but not any action is meant to be imitated: 
only those people who are admired, or who have some 
authority or social prestige, should be imitated, because 
of their competence, their functions or the position they 
have in society” (Perelman, 1997, p. 148). 

Peer 2 claims that from first and second vertex, three 
diagonals may be traced, but not so from the third, this 
may be inferred through the use of words like ‘assume’ 
and ‘as well’, which respectively mean, ‘suppose or 
guess’ and ‘likewise or similarly’ [5]. The use of ‘assume’ 
warns the auditorium that there will be a change in the 
number of diagonals that are traced from the third 
vertex. So, to the question worded by Peer 2 to the 
auditorium, Helena replies that only two diagonals are 
traced [8]. Once more, Peer 2 uses the illustration (Figure 
7), drew on the board as a persuasive mechanism 

(Perelman, 1997; Perelman & Olbrechts-Tyteca, 2006; 
Manghi, 2010). 

5 Peer 2: This one has three and this one has 
three, one would assume that for this 
one we’d have three as well, just like 
this one, this one and this one. What 
happens when I get here? 

6 Helena: We already had a diagonal... 
7 Peer 2: So, what is left to link? [Pointing the 

third vertex] (Figure 12). 
8 Helena: Two diagonals. 
9 Peer 2: This one, and I’m missing this one, so, 

how many did I do? Two. 
3 Maria: Initially, as Carlos did, I would begin 

with a little bit of history, although the 
students are ninth graders, I could 
make up a story for them about the 
history of the Pythagorean Theorem 
because it is believed that Pythagoras 
invented it. Babylonian and Egyptian 
civilizations also had ideas of 
Pythagorean numbers making 
approximations with square roots and 
arithmetical measurements. 

Moving on with her arguments, Maria claims that she 
considered Carlos’ answer [3], which shows the use of 
the model as a rhetorical resource (Perelman, 1997; 
Perelman & Olbrechts-Tyteca, 2006). 

Metaphor 

It is discussed through the offering or request of 
metaphor when there is “an accurate change of meaning 
of a word or phrase” (Perelman & Olbrechts-Tyteca, 
2006, p. 610). Lakoff and Johnson (1999), consider the 
metaphor and the thinking that turns to it, as the 
interpretation of a field of experiences concerning 
another one already known. Several authors have 
studied metaphor (e.g., Perelman, 1997, 2007; Perelman 
& Olbrechts-Tyteca, 2006), and its role in mathematics 
(English, 1997; Lakoff & Núñez, 2000; Núñez, 2000; 
Núñez & Lakoff, 1998; Van Dormolen, 1991). 
“Metaphors are notable for creating, between a source 

 
Figure 12. Tracing of diagonals from the third vertex 
Source: Pre-service teachers 
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realm and a target realm, a conceptual bridge that allows 
the transmission of properties of the source realm into 
the target realm” (Font et al., 2003, p. 406). 

In another segment, the teacher raises a question [14] 
about the identification of examples where geometry is 
used in daily life. Students use the metaphor [15] when 
comparing geometric figures with objects in their 
environs. It is remarkable the teacher’ use of metaphor 
as a rhetorical resource, both in the question and in the 
answer. 

14 Maria: Where can we find geometry in 
everyday life? 

1 Maria: Can anyone draw examples… on the 
blackboard? [Figure 13 shows what a 
student draw on the blackboard] 

15 Student 1: In the TV, the washing machine, in the 
computer, of course. 

16 Maria: And why in those... [Things]? In those 
appliances? 

17 Student 1: Well! They are three-dimensional 
geometric figures.  

18 Student 2: That is it, it also has the vertices and 
the edges, and that makes them 
geometric figures. 

Here we appreciate the use of metaphor when 
comparing everyday objects with geometric objects in 
order to persuade. In another segment, Carlos uses an a 
priori warrant, with the intention to persuade the 
auditorium, through the use of GeoGebra, the calculator, 
and the figure is explicitly drawn to discuss the theorem. 
He uses the indicator ‘no’ to express that he does not see 
any conjecture [34]; he also uses the modal qualifier 
‘may’ to show the possibility of the existence of some 
conjectures. 

31 Peer 1: To verify for triangles that are not right 
triangles! (Figure 14). 

32 Carlos: That is, do I trace any triangle? 
33 Carlos: What relationship can I get from it? 

Using the calculator? 
34 Carlos: 6.51–6.45 equals 0.06. It’s doesn’t 

equal, it doesn’t correspond, it’s 
different. 1.63 + 6.45, obviously doesn’t 

equal 6.51. I don’t see any relationship. 
They may be one, but I don’t see 
anyone. [Numbers refer to those 
shown by GeoGebra] 

Carlos draws a triangle and verifies if it is a right 
triangle using the Pythagorean Theorem. For Perelman 
& Olbrechts-Tyteca (2006, p. 67) the difference between 
persuasive and convincing is the effect of the 
argumentation over the audience; they claim: “We call 
an argumentation persuasive when it only intends to 
serve a particular audience, and convincing when it is 
supposed to obtain adherence from every reasonable 
being”, this is, a universal audience. 

Lakatos (1978) connects argumentation with 
rebutting and validation. This association has 
implications in mathematical education when rebutting 
is assumed as a critical argumentation component. Reid, 
Knipping and Crosby (2011), have studied rebuttal and 
logic in the classroom.  

The rebuttal appeared simultaneously with modal 
qualificators. 

13 Researcher: Helena! A student might say: Teacher, 
you made a mistake! You are putting it 
in this position and here in this 
position? [Regarding the position of 
the right triangle] (Figure 2). 

14 Researcher: What would you answer? 
15 Helena: Well, I would tell them that those four 

triangles are still congruent and the 
same, just, from other perspectives, 
from the center of the square. 

In a segment, taken from a class taught to schoolers, 
Maria takes up the question posed at the beginning [23] 
requesting the use of the metaphor [23], the students 
reply that geometry is in a mattress, in a door, in a fridge 

 
Figure 13. Geometry in daily life 
Source: school boy 

 
Figure 14. Triangle GeoGebra generated 
Source: Pre-service teacher 

 
Figure 15. A right triangle 
Source: Drawn by pre-service teacher 
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and that these figures are rectangular prisms [24]. 
Another student also uses metaphor to compare 
everyday objects to geometric figures [26] and 
concludes, due to the request for a priori-epistemological 
warrant by Maria [25] that they are both, rectangular 
prisms and three-dimensional figures [26].  

23 Maria: Student 3! Where can we find 
geometry? 

 Maria: can anyone give us some examples… 
on the blackboard? 

24 Student 3: In a mattress, in a door, in a fridge 
which are rectangular prisms. [Figure 
16] 

25 Maria: Are they rectangular prisms? And why 
are they rectangular prisms? 

26 Student 3: Because they’re rectangles, but they’re 
three-dimensional figures. 

This student recognizes the importance of geometry 
by using the example and the metaphor [46] when pointing 
the column that can support a house and compares it 
with a cylindrical shape [46]. 

43 Maria: And is geometry important or not? 
44 Student 1: Well, I think it’s important. 
45 Maria: Why? 
46 Student 1: Well! because geometry creates 

geometrical figures, which allow 

making things; for example, let’s say a 
cylinder, like…, let’s say we’re 
building a house and I need a rod for a 
column, thanks to the cylinder I have 
that rod to build the house. 

45 Maria: Can you draw some geometrical 
figures, on your notebook, to show us 
all what you are referring to? [Figure 
17 shows what student draw on his 
notebook] 

Students use oral and written language, gestures and 
representations to draft and revise justifications for their 
claims, nonetheless Kazemi et al. (2021) findings, in 
regard to use of language by pupils, affirm that language 
development cannot be considered apart from how 
students and teachers shape this process. 

DISCUSSION OF RESULTS 
Argumentation is used by teachers to communicate 

with students during the mathematics class, includes 
different features that are used naturally by teachers as 
they discuss with peers or as they teach to schoolers. 
These elements have commonalities with the didactic-
mathematical knowledge model proposed by Pino-Fan 
et al. (2015). The pre-service teachers use some features 
of teacher knowledge, such as the epistemic, 
interactional and mediational facets that are part to the 
didactical dimension for teaching, to design and taught 
their classes. 

The didactic-mathematical knowledge (DMK) (Pino-
Fan et al., 2015, 2016) considers three dimensions for the 
knowledge that a teacher needs to conduct his teaching 
efficiently: the mathematical dimension, didactical 
dimension and meta-didactic-mathematical dimension.  

The epistemic facet refers to the knowledge that 
mathematics teacher must possess in order to teach 
mathematics (Pino-Fan et al., 2016). According to Pino-
Fan et al. (2015) “it is clear that this category includes not 
only the proposed notions in the Schoenfeld & 
Kilpatrick’s (2008, p. 32) model of mathematics 
education proficiency about ‘knowing mathematics 
deeply and extensively but also the notions of Ball et al. 
(2008, p. 377-378)” about ‘specialized content 
knowledge’. The teacher’ explanations must be 
supported by mathematics knowledge, concepts, 
properties and theorems, which the teacher enunciates 
to justify processes for solving mathematics tasks. 
Enunciating and using such knowledge is related to the 
epistemic warrants (Nardi et al., 2011), which come close 
to the logical-deductive nature of mathematics.  

The mediational facet of DMK refers to the means 
used to manage the learning, which include the 
knowledge of class material, as part of curriculum 
knowledge (Grossman, 1990; Shulman, 1986). During 
this research, the type of warrant’ use of means was 
identified, as the use of software, calculators, graphs and 

 
Figure 16. Examples of geometric shapes in daily life 

 
Figure 17. Geometry in daily life 
Source: Student 
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tangible material to draw conclusions about a 
mathematical feature or property, or to validate a 
conjecture. The use that pre-service teachers gave to 
tools refers to concluding a fact, property or 
characteristic and was used during both, class designing 
and teaching. A great deal of research has informed the 
relevance of mathematical objects (Drijvers et al., 2013) 
because their inadequate use could give way to the 
emergence of meanings not considered previously by 
teachers- that would show not enough prowess on the 
arguments to manage the mediational and epistemic 
facet in the DMK (Pino-Fan et al., 2015). 

However, other features of the argumentative 
activity that the teachers use can be related to the 
interactional and mediational features. There is a 
relationship with the interactional aspect as the research 
data show that pre-service teachers taught their classes 
through a dialogue with students, given that the teachers 
think it is essential to ‘interact’ with students and “to 
build upon the questions and answers given by the 
students” (Franke et al., 2009). Teachers use not only the 
epistemic warrants but also other resources to keep 
students interested and participating in the class. 

Example, model and metaphor have the intention of 
explaining, justifying and rebutting and are related to 
the mediational features as they are resources that 
teachers use to achieve their instructional objectives. 
Even though the criteria to use the example, model or 
metaphor following the specific teaching topic was not 
studied in this research. 

Concerning research validity, it can be stated that 
content validity is not included, as an extended study 
process could not be studied due to institutional 
restrictions. However, there was a commitment to 
internal validity as the particular events and the 
explanations provided in the document can actually be 
sustained by the data. The findings describe the 
phenomena being researched, and we use peer 
examination of the data, use mechanical means to 
record, store and retrieve data, and we use multiple 
researchers (Lecompte & Preissle, 1993, p. 338). 
Regarding research reliability, the analysis was sent to 
both professors and researchers active in argumentation, 
and they were discussed with them. The study’s 
limitations refer to the number of classes that could be 
recorded in audio, this due to institutional restrictions 
that limited access to classrooms. Likewise, after the 
research ended, the pre-service teachers could not be 
contacted to formulate subsequent questions that could 
have been included in the final research report. 

CONCLUSION 
Different teacher knowledge models present 

knowledge “domains” (Hill et al., 2008; Pino-Fan & 
Godino, 2015; Rowland et al., 2005; Schoenfeld & 
Kilpatric, 2008) that the teachers must know in order to 

develop their teaching. Even though the identification of 
such domains is essential, some tools are required to 
integrate those domains into teaching practices of pre-
service and in-service teachers. The didactic-
mathematical knowledge model of Pino-Fan et al. (2015) 
proposes tools that teachers can use to develop their 
teaching efficiently (Castro et al., 2018). On this paper, 
we report the results of a research about the 
argumentation of pre-service teachers in two scenarios: 
Seminar of instructional design and classroom. In these 
two scenarios, the argumentation of teachers was 
studied assuming argumentation as a social and 
collaborative process, both rational and verbal, warrants 
are studied, as well as rhetorical resources and 
arguments’ intentions in the context of mathematics 
class. 

Teachers bring into play didactic-mathematical 
objects in accordance with didactic-mathematical 
practices they develop in order to manage class properly; 
the argumentation could be seen as a process that allows 
relating and organizing dimensions of the didactic-
mathematical knowledge considering argumentation as 
a social process, where a teacher organizes mathematical 
knowledge that emerges in his mathematical practice 
while solving or discussing mathematical tasks. Ayalon 
and Hershkowitz (2018) report that in examining the 17 
teachers’ choices of tasks, they found that most of the 
teachers’ chosen tasks were of the “proof-type 
argument” of demonstration, which is “at the top of the 
hierarchy” (Stylianides, 2009, p. 280); our findings are 
different, may be because the teachers in our study are 
preservice teachers.  

The findings support seeing ‘teaching’ as the mean 
used by the teacher to articulate different features of the 
didactic-mathematical knowledge with features of 
argumentation: warrants, rhetorical resources, and 
intentions. The teacher should be aware that during 
argumentative practice, features of the didactic-
mathematical knowledge are used, although based on 
complex personal decisions and classroom’ variables, 
can also be associated, controlled and regulated during 
the class. Developing the argumentative competence as 
a mean through which the different aspects of the 
didactic dimension of the didactic-mathematical 
knowledge are put into action could be taken into 
consideration. 
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