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Abstract 

The aim of the work was to assess prospective Spanish secondary school mathematics teachers’ 

knowledge of sampling representativeness and variability. To achieve this goal, a questionnaire 

with four items taken from our previous research with secondary education and high school 

students was proposed to 66 prospective teachers. In each item, participants were asked to 

provide four values of a binomial distribution, varying the parameters of the distribution in each 

item. The analysis of the mean and range of the sample of four values provided by the participants, 

and its comparison with the theoretically normative and acceptable values of the sampling 

distribution suggests a good knowledge of the sample representativeness, except for one item 

and an overestimation of the variability for large values of the number of trials in the binomial 

distribution. The study of the participants’ arguments serves to identify some reasoning biases 

related to sampling distribution. The results are better than those obtained with students in our 

previous studies. 

Keywords: knowledge, prospective teachers, representativeness and variability, sampling 

distribution 

 

INTRODUCTION 

Knowledge about sampling is essential in research, 
decision-making and other areas of human activity. 
Burrill and Biehler (2011) and Heitele (1975) considered 
it a basic stochastic idea because we obtain much 
scientific knowledge from sampling. Besides, sampling 
is a link between statistics and probability. Eichler and 
Vogel (2014) indicate that sampling is receiving a great 
deal of attention in mathematics education research due 
to its role in simulation, which is a valuable didactic 
resource for understanding probability and statistical 
inference (Koparan, 2022). 

In Spain, primary education consists of six different 
grades (one to six, children from six to 11 year-olds), 
secondary education includes four different grades (one 
to four, 12-15 year-olds), while high school consists of 
two different grades (one and two, 17-18 year-olds).The 
teaching of sampling begins in Spain in primary 
education with the identification of a sample as a data 

set of a larger set, as well as the reflection on the 
population to which it is possible to apply the 
conclusions of simple statistical investigations (MEFP, 
2022a). Sampling is formally studied in secondary 
education with the frequentist approach to probability 
and in work with simulation (both based on sampling).  

At this educational stage, its study consists of the 
concepts of population and sample, sampling 
representativeness and variability, and elementary 
sampling techniques (MEFP, 2022b).  

This topic expands in the second year of social 
sciences high school (students aged 17-18), where the 
sampling distribution of the mean and proportion and 
confidence intervals for these parameters are introduced 
(MEFP, 2022b). Moreover, the analysis of the university 
entrance exams in mathematics applied to social sciences 
showed that, in the past 12 years, a task on sampling 
distribution, confidence intervals or statistical tests 
(based on sampling distribution) was always included 
(López-Martín et al., 2016).  
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Understanding the sampling distribution involves 
prior knowledge of many concepts, which may explain 
the students’ difficulties with this topic (Begué et al., 
2019; Kula & Kocer, 2020; Makar & Rubin, 2018). 
Virtually all previous research was conducted with 
students, including our work with secondary school 
students (Begué et al., 2018) and high school students 
(Batanero et al., 2020). Similar reasoning biases were 
found in these studies, although the proportion of 
students who showed them decreased as the school year 
progressed. Consequently, we wonder if prospective 
teachers have overcome these difficulties due to their 
mathematical preparation.  

To answer this question, the aim of this paper is to 
assess the mathematical knowledge about sampling 
representativeness and variability in a sample of 
prospective Spanish secondary and high school 
mathematics teachers. Since most previous research on 
sampling was carried out with students, our results 
provide new knowledge concerning prospective 
teachers’ understanding of sampling. 

THEORETICAL BACKGROUND 

We base our work on three kinds of foundations:  

1. the sampling distribution properties,  

2. the idea of mathematical content knowledge for 
teaching, and  

3. previous research. 

Sampling Distribution 

The main difficulty of sampling is the need to use, 
differentiate, and relate three types of probability 
distributions (Harradine et al., 2011): 

1. The distribution of the population variable: In 
our study, the binomial distribution, which 
represents the number of times that a given event 
(success) of probability p occurs over n 
independent repetitions of a random experiment 
and which is denoted by B (n, p), where p and n 
are the parameters of this distribution.  

2. The distribution of the same variable in a 
random sample of independent elements of that 
population: Thus, in our study, the proportion �̂� 
(cases in the sample that meet the given condition) 

is a statistic that allows estimating the population 
parameter p. 

3. The sampling distribution: Considering repeated 
samples of the same size, the statistic obtained in 
each sample is a random variable that varies from 
a sample to another. Its distribution is called the 
sampling distribution. In our study, the 
proportion �̂� follows a normal distribution whose 
mean is the proportion in the population (p). This 
property is known as representativeness and 
means that the number of expected successes in 
each sample is np. Moreover, the standard 

deviation of the sampling proportion is 
√𝑝(1−𝑝)

√𝑛
, 

where n is the sample size. If the sample size 
increases, the sampling variability decreases.  

In this study, we want to assess the prospective 
teachers’ understanding of sampling representativeness 
and variability, and the relation of sampling variability 
with the sample size. The results will complement 
previous research on prospective teachers’ 
understanding of other inferential topics. For example, 
Valenzuela-Ruiz et al. (2023) studied prospective 
teachers’ competence to solve formal mathematical 
problems on the sampling distribution and to predict 
possible difficulties of the students when solving the 
problems, and Lugo-Armenta and Pino-Fan (2021) 
analyzed prospective teachers’ knowledge learning of 
the Chi-squared statistics in a virtual environment.  

Mathematical Knowledge for Teaching 

There is extensive research on mathematics teacher 
education, for example, Alshehri and Youssef (2022), 
Llinares (2018, 2021), Ping et al. (2018), and Scheiner et 
al. (2021). 

We base this paper on the mathematical knowledge 
for teaching (MKT) model, which the authors divide into 
the following components: common content knowledge 
(CCK), specialized content knowledge (SCK), 
knowledge of content and teaching (KCT), and 
knowledge of content and students (KCS) (Ball et al., 
2008; Phelps et al., 2020). Hill et al. (2008) further 
proposed horizon content knowledge (HCK) and 
knowledge of content and curriculum (KCC). CCK is the 
knowledge brought into play by an educated person to 
solve mathematical problems for which a person with 

Contribution to the literature 

• This study adds to the literature new results related to prospective teachers’ knowledge of sampling 
variability and representativeness. Using a questionnaire previously given to student we obtain better 
results, although reasoning biases are still found in the prospective teachers. 

• The tasks and analysis method used are a novelty in research related to teachers’ understanding of 
sampling distributions.  

• A specific contribution is the comparison of prospective teachers’ and students’ responses and arguments 
in providing samples from binomial distributions. 
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basic knowledge is qualified. SCK describes the teacher’s 
special competence that enables him to plan and develop 
teaching sequences. HCK refers to the more advanced 
aspects of the content, which provide insights for the 
teacher, for example, knowledge of the history or 
detection of possible errors related to the mathematical 
ideas underlying the topic. 

This paper aims to analyze the prospective high and 
secondary school teachers’ mathematical knowledge of 
sampling. Specifically, we focus on sampling 
representativeness and variability, which is part of CCK 
because it appears in the secondary school curriculum 
guidelines (MEFP, 2022b) and is taught to students. 

Background 

Research on the understanding of sampling has been 
made almost exclusively with students and has focused 
on the two main ideas of sampling representativeness 
and variability, which must be understood and related 
to each other (Harradine et al., 2011).  

The results of Kahneman and Tversky’s (1972) 
research show that most people expect a sample to be 
very similar to the population from which it comes, so 
for their decisions under uncertainty, they consider only 
representativeness without considering variability (see 
also Erbas & Ocal, 2022).  

The authors called this type of reasoning 
representativeness heuristic, which gives rise to two 
biases when predicting results in a series of experiments: 
positive recency and negative recency. In positive 
recency, subjects extend the tendency shown in the data 
series obtained (for example, if a family has three male 
children, they expect the next child will also be male). In 
negative recency, people try to compensate the future 
results with those previously obtained to reach an 
average (following the example, the family expects the 
next child to be female). 

On the other hand, many students have difficulty to 
conceive the sampling process, where each sample is a 
particular case of many samples of the same size, whose 
frequency can be estimated by calculating probabilities 
(Saldanha & Thompson, 2002). Consequently, students 
generally interpret probability questions in a non-
probabilistic way, trying to give a prediction of the 
outcome that will occur instead of calculating the 
probability of the different possible results. This type of 
reasoning is known as the outcome approach (Konold, 
1989). 

Shaughnessy et al. (2004) attempted to assess levels 
in students’ understanding of sampling, describing the 
following: 

1. Idiosyncratic level: The students only conceive the 
samples based on non-mathematical aspects, for 
example, their preferences. 

2. Additive level: They view the different samples of 
the population as disjoint subsets, and the relative 
frequency of each sample is not considered to 
predict a sampling distribution. 

3. Proportional level: The student conceives the 
sample as a part of the population and relates the 
sample proportions or means to those in the 
population; however, they do not consider the 
variability of the sampling distribution. 

4. Distributional level: The student considers averages 
or proportion and sampling variability to predict 
the sampling distribution. 

We also rely on Green’s (1983) study on the 
probabilistic reasoning of 11-14-years-old children. The 
author proposed a problem that reported the result of 
throwing 100 thumbtacks into the air, having obtained 
in a previous experience 68 with the point upwards. He 
asked the children to predict the number of thumbtacks 
with the point upwards when repeating the experiment.  

His results showed that 64% of the children in the 
sample indicated that the two events (point or head up) 
were equiprobable. The author interpreted this response 
as the equiprobability bias (Gauvrit & Morsanyi, 2014; 
Lecoutre, 1992), which consists of assuming the events of 
any random experiment to be equiprobable. Gómez-
Torres et al. (2016) adapted the same task to study the 
understanding of sampling by 157 prospective Spanish 
primary school teachers. The adaptation consisted of 
asking for four predictions of the experiment outcome, 
using the mean value of the estimates to assess 
understanding of sampling representativeness and the 
range to evaluate the comprehension of sampling 
variability. When comparing the means with the 
expected binomial distribution, the authors identified 
that 33.8% of the subjects presented the equiprobability 
bias (Gauvrit & Morsanyi, 2014; Lecoutre, 1992), 
providing samples whose mean value was around 50%.  

Begué et al. (2018) used the same task with 157 
Spanish secondary education grade 2 (13-years-olds) 
and 145 grade 4 (15-years-olds) students. The authors 
proposed four items to the students, the first of which 
was taken from Gómez-Torres et al. (2016), varying the 
parameters of the binomial distribution in the other 
three. They concluded that the students had a good 
intuition of the expected value, although about 30% 
showed the equiprobability bias when the proportion 
was clearly different from 0.5. They also observed a 
better understanding of sampling variability in small 
samples, although there was scarce intuitive 
understanding of the law of large numbers. Batanero et 
al. (2020) replicated this research with 234 high school 
grade 2 students (17-18 years old). The authors 
performed a different analysis of the results, comparing 
the students’ predictions with the theoretical sampling 
distribution (instead of using the initial binomial 
distribution). When comparing with Begué et al. (2018), 
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they found better results in all tasks, although there was 
a high percentage of students with sampling reasoning 
biases. They also analyzed the arguments given by a part 
of the students to justify the samples produced. 

The current work continues our previous research by 
replicating Begué et al. (2018) and Batanero et al. (2020) 
studies with a sample of prospective secondary school 
mathematics teachers. We investigate whether the 
improvement observed in the understanding of 
sampling representativeness and variability according to 
the school year continues for prospective teachers. We 
also go deeper into the reasoning biases observed in 
these studies and analyze whether they are present in the 
prospective teachers, who unconsciously could transmit 
them to their students. 

METHODOLOGY 

The participating sample consisted of 66 students in 
a master’s degree program, which is mandatory in Spain 
to become a mathematics teacher in secondary education 
and high school. In Spain, those who want to become 
secondary and high school mathematics teachers must 
pass a competitive competition with two requirements. 
The first is to have completed a university degree in 
mathematics, science, or engineering (four years of 
university study after finishing high school). The second 
to complete a specific master’s degree (university master 
in secondary and high school teacher education) in the 
specialty of mathematics. The master’s program is 
oriented to provide didactic competencies to teach 
mathematics to secondary and high school students. The 
topics in this master are teaching and learning 
mathematics, innovation and introduction to research in 
mathematics education, psychology and sociology, and 
teaching practices in a high school. Moreover, the 
prospective teachers must write and defend a master’s 
thesis on a mathematics education topic. 

We used a controlled-selection directed sampling 
(Wu & Thompson, 2020), which included all the 
participants in that master program in the 2019-2020 
academic year at University of Granada. Half the 
participants had obtained a university degree in 
mathematics, with four years of studies in pure and 

applied mathematics (algebra, calculus, statistics, and 
probability). The remaining had studied other science or 
engineering degrees with different topics, including but 
not limited to mathematics. All of them had at least one 
complete course in statistics in their careers; however, 
mathematicians usually had two to three courses in 
statistics. 

We proposed these subjects a questionnaire 
consisting of four items presenting situations that can be 
described mathematically by a binomial distribution 
(Appendix), with the characteristics displayed in Table 

1. There were two variables in the questionnaire. The 
first variable was the sample size: n=100 in the first two 
items (large samples) and n=10 in the other two (small 
samples). The second variable was the proportion value: 
in items 1 and 4, the probability of success should be 
estimated by the frequentist approach to probability 
while the events are equiprobable in the other items. 

In Table 1, we also present the intervals containing 
68% of the means and ranges of the four values 
requested in each item and the acceptable responses 
corresponding to 95% of the means and ranges. These 
intervals serve to characterize the responses as 
normative or optimal and acceptable. We obtained these 
intervals using the sampling distribution of the sample 
proportion of four values for each binomial distribution 
used and simulating the sampling distribution of the 
ranges (5,000 simulations). 

Once the participants’ responses were collected, we 
computed the mean value and the range of the four 
values provided in each item. We classified these values 
according to the intervals presented in Table 1 and other 
intervals that indicate the presence of biases, which are 
discussed in the results section. In addition, we 
performed a qualitative content analysis (Drisko & 
Maschi, 2016) of the arguments provided by the 
prospective teachers to justify the four values provided. 

RESULTS 

Below we analyze the prospective teachers’ 
perceptions of sampling representativeness and 
variability, and justification of their responses. 

Table 1. Characteristics of the questionnaire items 

 Item 1 Item 2 Item 3 Item 4 

Sample size 100 100 10 10 
Probability of the event of interest 0.68 0.50 0.50 0.70 
Expected number of successes 68 50 5 7 
Normative value of the mean of four predictions (interval containing 68% of 
sample means) 

[65.7-70.3] [47.5-52.5] [4.2-5.8] [6.3-7.7] 

Acceptable value of the mean of four predictions (interval containing 95% of 
sample means) 

[63.3-72.7] [45-55] [3.4-6.6] [5.6-8.4] 

Normative value of the range of four predictions (interval containing 68% of 
the ranges) 

[5-14] [6-15] [2-5] [2-4] 

Acceptable value of the range of four predictions (interval containing 95% 
of the ranges) 

[3-18] [3-20] [1-6] [1-6] 
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Perception of Sampling Representativeness 

We analyzed the mean value of the four responses by 
the prospective teachers to each item to study the 
perceived sampling representativeness. These mean 
values were then classified into different intervals, as 
shown in Figure 1, where we have highlighted the 
percentages of normative (optimal) or acceptable mean 
values, which are the correct answers. We also compare 
these graphs with the results obtained in our previous 
research with secondary education students (Begué et 
al., 2018) and high school students (Batanero et al., 2020), 
which have been re-analyzed using the same criteria. 

We observe a systematic increase in the percentage of 
normative and acceptable responses of students with the 
school year in all items and better achievement of 
prospective teachers. The results are much better in the 
tasks corresponding to the small samples, and except for 
the first item, the percentage of normative and 
acceptable responses in all groups exceeds 50%. 

For the first item, a notable percentage of prospective 
teachers (10.6%) did not consider the experiment 
outcome given in the statement and provided samples 
with means approaching to 50%. This reasoning 
corresponds to the equiprobability bias (Gauvrit & 
Morsanyi, 2014; Lecoutre, 1992), although the item 

statement makes clear that the events are not 
equiprobable. For this item, subjects in all groups show 
positive recency (4.6% of prospective teachers), 
continuing the trend of the statement, giving much 
higher values than expected. Other subjects provide 
values that conform to negative recency (10.6% of 
prospective teachers). Both biases are explained by the 
representativeness heuristic (Tversky & Kahneman, 
1974).  

In item 4, 13.6% of prospective teachers provide 
samples whose mean value lies in the interval 
corresponding to equiprobability (Gauvrit & Morsanyi, 
2014). Biases associated with the representativeness 
heuristic are also present for this item in all groups 
except for prospective teachers.  

Perception of Sampling Variability 

We computed the range of the four values provided 
in each item to analyze the prospective teachers’ 
understanding of sampling variability. We classified 
these ranges by considering the intervals in which the 
normative and acceptable estimate of the range fall 
(Table 1).  

We allocated those estimates falling below the 
acceptable range as high concentration samples because 

 
Figure 1. Mean of the four responses given by each participant in the items (Source: Data collected in this research) 
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all four samples had too similar values. Similarly, we 
considered estimates whose range was above the 
acceptable interval to have high variability. 

In Figure 2, we present the results of the prospective 
teachers in each item to which we add those obtained 
from secondary education (Begué et al., 2018) and high 
school (Batanero et al., 2020) students for comparison. In 
all items and groups, we highlight the percentages of 
normative and acceptable answers that are correct. 

First, we observe that subjects have different 
perceptions of sampling variability depending on the 
sample size for each item, with worse results in larger 
samples. In items 1 and 2, a large number of participants 
in all groups provide high variability values relative to 
what is expected from the sampling distribution of the 
proportion. In prospective teachers, the percentage of 
responses with excessive variability is 45% and 38%, 
respectively. Thus, we infer that prospective teachers do 
not reach the distributional reasoning level in sampling 
(Shaughnessy et al., 2004), when working with large 
samples.  

Nevertheless, the prospective teachers show a better 
understanding of sampling variability in the other two 
items compared to all groups of students. The responses 
improve systematically with increasing educational 
attainment. Consequently, there is a better 

understanding of sampling variability when the samples 
are small since the majority of participants in all groups 
give four values whose range is within the normative or 
acceptable estimation intervals. 

Justification of Responses 

Batanero et al. (2020) asked 127 high school students 
to justify their choice of the four values in each item. The 
authors classified their answers according to those 
concepts or reasoning biases implicit in them. In the 
present study, we also asked the prospective teachers to 
explain their answers and classified their justifications 
according to the scheme used in Batanero et al. (2020). 
We describe these arguments below with transcriptions 
of participants’ responses as examples. We denote each 
participant as Pn, where P means participant and n is the 
number assigned to his questionnaire. 

1. Randomness: The students justify the values given 
based on the experiment randomness by 
indicating that they cannot predict the results and 
any outcome can occur. Furthermore, these 
students produce values that do not fit the item 
data. We find this kind of response in previous 
research on understanding randomness such as 
Briand (2005) or Savard (2010). In the following 
example, the prospective teacher gives that 

 
Figure 2. Range of the four responses given by each participant in the items (Source: Data collected in this research) 
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justification for item 2, which is consistent with 
the values provided. 

P54, item 2: “It is entirely random. Any result is 
possible. The teacher’s result is also random and 
does not condition the remaining results” (43, 65, 
50, and 70). 

2. Physical properties: The students base on the device 
physical characteristics, such as the drawing pin 
head weight (item 1) or the player’s accuracy in 
shooting at the basket (item 4). Underlying this 
type of justification is the conception of 
probability described by Peirce (1932) as the 
propensity of the device or experiment to produce 
a specific outcome (see also Berkovitz, 2015 and 
Suárez, 2020). 

P21, item 1: “Because the point is less heavy than 
the head; therefore, although some will fall 
downwards, more will fall upwards” (60, 70, 63, 
and 74). 

3. Frequentist view of probability: The prospective 
teachers estimate the probability of the event 
using the frequency data presented in the item 
statement. Thus, their responses show an 
understanding and correct application of the 
frequentist meaning of probability. In the 
following argument, the prospective teacher even 
alludes to the law of large numbers. 

P36, item 1: “As we repeat the experiment, the 
probability based on frequencies is similar, so if 
the teacher’s values were 0.68 and 0.32, I assume 
that the students’ probability would be very 
similar (law of large numbers)” (65, 60, 63, and 64). 

4. Classical probability: The participant applies 
Laplace rule to compute the event probability as a 
ratio of favorable and possible cases. This 
justification appears especially in items 2 and 3, 
which describe experiments with equiprobable 
events, as is shown in the following example: 

P7, item 2: “Here, the results are much closer to 
50% since we know that the probability of a 
random coin toss is 50%, i.e., by Laplace rule, we 
obtain that P(heads)=½=P(tail)” (50, 37, 64, and 
51). 

5. Convergence and variability: When the prospective 
teachers claim that the result should be similar to 
that given in the statement (suggesting that the 
idea of convergence is understood). At the same 
time, they indicate that there should be some 
variability, due to the sampling process. This type 
of response also appears in Gómez-Torres et al. 
(2016). 

P34, item 1: “The teacher got 68% of pins landing 
up and 32% landing down; so we expect similar 
percentages by the children. When moving a bit 
these percentages, we obtain 60-74%, but we 
always need to remember the weight of the pins. 
Therefore, it is more likely that the pin will land 
up” (70, 60, 72, and 65). 

6. Reasoning biases: The response demonstrates some 
reasoning biases about randomness or sampling; 
we describe these biases in more detail in the next 
section. 

In Figure 3, we present the percentages of 
prospective teachers and students giving each argument 
in their answers. Since some subjects use more than one 
argument, the sum of percentages is higher than 100% in 
each category. 

First, we highlight the difference in arguments in the 
tasks related to equiprobable (items 2 and 3) and non-
equiprobable (items 1 and 4) elementary events. In the 
former, most explanations refer to the classical meaning 
of probability, where prospective teachers apply Laplace 
rule, reaching over 60% of prospective teachers and over 
40% of students. The trend changes in items 1 and 4, 
where most arguments rely on the frequentist view of 
probability, which is explicitly used to estimate the 
population proportion and to provide samples with a 
similar proportion. In item 4, 90% of prospective 
teachers and 55% of students gave this argument. We 
remark on a high proportion of arguments based on 
physical considerations in item 1. Justifications related to 
convergence and variability occur in noticeable 
proportions in all tasks, somewhat less in item 1. We note 
that subjects referring to these two concepts underlying 
the work of sampling have reached the distributional 
reasoning described by Shaughnessy et al. (2004). 

Finally, we remark the presence of reasoning biases 
explicitly expressed in the arguments in all items, 
although infrequent, but with a higher incidence in the 
first task. We analyze the biases shown by the 
prospective teachers in the following section. 

Reasoning Biases Explicit in the Prospective Teachers’ 
Reasoning 

We have noted some reasoning biases in the 
justifications for the four values provided by prospective 
teachers. We discuss them below, with examples of the 
responses in which we have observed them.  

1. Equiprobability bias: As described by Lecoutre 
(1992), it occurred mainly in the first task, where 
some participants believed that the events should 
be equiprobable simply because we were dealing 
with a random experiment. We show an example 
below, where, consistently with his belief in 
equiprobability, prospective teacher suggested 
values near 50% in the task. 
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P37, item 1: “From the initial result, it seems that a 
drawing pin is more likely to fall upwards, but 
this does not mean anything, as it can be a matter 
of chance, which is why the results I have given 
tend to be 50%-50%” (40, 46, 36, and 55). 

2. Not considering independent the experiment trials: 
Instead, they judged it to be a single random 
experiment. Thus, P54 considers throwing 100 
pins as a single experiment without considering 
that an experiment consisting of 100 trials 
(observing how one pin falls each time) is 
mathematically equivalent to repeating the 
experiment consisting of dropping a pin 100 
times. In both cases, the result for each drawing 
pin is independent of the others. 

P54, item 1: “I have 100 pins, each has a tip and a 
base. The probability that it will fall on one side or 
the other depends on its shape, and it is more 
likely to fall on the top, but only one trial is 
unreliable. So, I put a random number equal to or 
less than 100 since that is the number of pins” (70, 
50, 100, and 60). 

3. Assuming that the situation is deterministic: These 
participants interpret the item situation as 
deterministic without perceiving randomness. In 
some cases, such as the following example, the 

response is inconsistent by alluding to statistics 
and unpredictability. 

P62, item 4: “This is a deterministic (not random) 
phenomenon. I have given this answer to indicate 
that the number of baskets will remain at a high 
percentage, as the statistic tells us, but there is 
nothing that guarantees these percentages” (10, 9, 
5, and 6). 

4. Outcome approach: In this bias, described by 
Konold (1989), a probability question (in our case, 
giving four probable outcomes) is interpreted in a 
non-probabilistic way (indicating what will 
happen). Although indeed we cannot predict each 
experiment’s outcome, there exist laws that 
determine the most and least probable outcomes. 
In the case of item 1, these would be contiguous to 
those obtained by the teacher. 

P1, item 1: “Any case is possible, since there is no 
explanation of how they stick, so they can all fall 
face up or face down since this is within the 
sample space” (50, 20, 100, and 77).  

5. Control illusion: In this bias (Langer, 1982; Yarritu 
et al., 2014), subjects do not distinguish between 
games of skill and games of chance. They believe 
they can control chance and therefore have an 
overly high expectation of the personal 

 
Figure 3. Percentage of arguments in each task in students (n=127) and prospective teachers (n=66) (Source: Data collected 
in this research) 
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probability of success in the situation. This bias 
implies a lack of understanding of randomness, as 
one of the features of randomness is the 
impossibility of control, and it is frequently shown 
in compulsive gamblers. Subject P29 expresses 
that students can control the outcomes when 
describing the situation. 

P29, item 1: “In this scenario, the pupils will try to 
overcome the pins that fell on the top but because 
of nerves they will get less. The last one I’ve put in 
is better than the previous as it’s easier because of 
the calmness” (54, 32, 43, and 74). 

6. Representativeness heuristic: When subjects suggest 
that the sample of four values should bear a 
resemblance to the population, following the 
reasoning described by Kahneman and Tversky 
(1972). In the example below, P31 gives three 
values similar to that of the statement to make the 
sample more similar to the data. Then, he 
provides another value to compensate for the 
other three results. The subject does not notice the 
contradiction between assuming 50% for each 
position and providing most values higher than 
that probability. 

P31, item 1: “Because of the drawing pin position, 
I believe it is “more likely” that they will fall with 
the tip upwards because it is a more “stable” 
position. That is why there are three children 
where most of their pins pointing upwards and 
one student with reversed results, and more pins 
pointing downwards, although the numbers are 
closer to 50% of each position” (72, 61, 42, and 88). 

Other reasoning biases exhibited by isolated 
participants included expecting a pattern in the random 
experiment, considering that a sample of 100 items is too 
small to estimate the probability, or indicating that the 
same results could never recur when repeating the 
experiment.  

Table 2 presents the participants who showed each 
of these biases in their responses to the different items. 

Even though the number of prospective teachers who 
explicitly show probabilistic reasoning biases in their 
arguments is small, it is important to highlight these 

biases because they might unconsciously transmit them 
to their students. 

DISCUSSION 

As discussed in the introduction of the paper, 
students need understanding of the elementary 
properties of sampling, due to the pervasiveness of this 
idea in the media and in the professional work (Burrill & 
Biehler, 2011). However, teaching any topic can only be 
successful if the teachers acquire enough mathematical 
teaching knowledge for that topic. 

Our study adds to the literature new results related 
to prospective teachers’ knowledge of sampling 
variability and representativeness, an area in which 
previous research is scarce. At the same time, we provide 
new types of tasks and methods of analysis, as regards 
those employed in previous research. 

The findings of our study showed that prospective 
teachers’ CCK in sampling was generally good, in 
coincidence with Valenzuela-Ruiz et al. (2023), and 
better than the students’ knowledge in our previous 
assessment work (Begué et al., 2018; Batanero et al., 
2020). The prospective teachers’ perception of the 
sampling representativeness was good, except for the 
first item, where a less familiar random experiment is 
described. In this item, a significant proportion proposed 
values whose mean was almost 50% without using the 
frequency information in the statement. Also, some 
prospective teachers showed positive and negative 
recency (Erbas, & Ocal, 2022; Kahneman & Tversky, 
1972), not perceiving the independence of the outcomes 
in repeated samples. 

We also observed biases in the perception of too high 
variability in the first two items, where the sample size 
was high. These participants did not appreciate the 
relationship between the sample size and the sampling 
variability. Consequently, we deduce that some 
prospective teachers did not reach the higher 
(distributional) level of sampling described by 
Shaughnessy et al. (2004). These prospective teachers 
remained at the proportional level where they conceived 
the sample as a part of the population and related the 
sample proportions or means to those in the population; 
however, they did not consider the variability of the 
sampling distribution. 

Table 2. Prospective teachers with reasoning biases 

Type of bias Item 1 Item 2 Item 3 Item 4 

1. Equiprobability P3, P20, P25, P37, & P47  P62  
2. Independence P7, P34, P37, P56, P60, & P63   P16 
3. Determinism P11 & P62   P38 & P62 
4. Outcome approach P1 P43 & P57 P10 & P28  
5. Control illusion P29  P29  
6. Representativeness P31 P29   
Other biases P17 & P27 P11 P11, P13, P57, & P65  
Total 18 4 8 3 
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Moreover, although their justifications were quite 
complete and considered the characteristics of the 
proposed items, a few participants also showed 
sampling reasoning biases, such as equiprobability bias 
(Gauvrit & Morsanyi, 2014; Lecoutre, 1992), outcome 
approach (Konold, 1992) illusion of control (Langer, 
1982; Yarritu et al., 2014) and representativeness (Erbas, 
& Ocal, 2022; Kahneman & Tversky, 1972). 

IMPLICATIONS FOR 
TEACHERS’EDUCATION 

These results suggest the need to reinforce the 
education of prospective secondary and high school 
mathematics teachers on sampling, to prevent them 
from transmitting to their students the biases observed 
in their reasoning. Moreover, few prospective teachers 
are conscious of the students’ errors in their learning of 
statistical inference (López-Martín et al., 2019). Thus, 
succeeding in the probabilistic reasoning task by 
teachers will improve the quality of mathematical 
instruction, which is usually evaluated by considering 
the students’ outcomes (Llinares, 2021). 

Another reason to enhance the education of teachers 
is that teachers’ mathematical self-efficacy depends on 
their mathematical knowledge (Alshehri & Youssef, 
2022). It is clear that formal mathematical training alone 
does not contribute to the elimination of these biases. 
Moreover, in addition to mathematical content 
knowledge the teachers need education in the different 
components of MKT (Ball et al., 2008; Hill et al., 2008; 
Phelps et al., 2020). Consequently, considering the 
knowledge of mathematics teachers as a style of 
knowing, Scheiner et al. (2019) recommend a holistic 
approach, instead of the separate acquirement of the 
components of teachers’ knowledge.  

Thus, to provide the participants with part of this 
knowledge, we recommend the activities described in 
this paper in workshops directed to teachers. Kula and 
Kocer (2020) suggest that many errors in inference 
learning occur because students are taught how to apply 
statistics and not build themselves the statistical ideas. 
Statistical concepts have their origin in the idea of 
population, adding then the idea of a sample, and finally 
introducing the sampling distribution. However, in 
applications of statistics we usually start from the 
sample, continue with the sampling population and 
finish determining the features of the population. This 
contradiction between construction and application of 
inference makes the students commit so many errors. 
The tasks proposed in this paper respect the logical order 
in the construction of sampling distribution, and 
therefore, follow the recommendations by Kula and 
Kocer (2020) to help students (in this case, prospective 
teachers) overcome their reasoning biases.  

To make the activities more productive, after the 
teachers complete the tasks, the results should be 

discussed with them to reveal their eventual reasoning 
biases. In this discussion, it is necessary to emphasize the 
relevance of overcoming this false reasoning. 
Subsequently, the teacher educator should carry out 
simulation activities of situations raised in items using 
didactic software or simulators available on the Internet 
(e.g., binomial distribution simulation, http://www. 
distributome.org/js/sim/BinomialSimulation.html; 
simulation in a ratio: http://www.rossmanchance.com/ 
applets/OneProp/OneProp.htm). As Koparan (2022) 
suggested, these activities also provide a model for 
teachers who should adopt simulations in their 
probability teaching. Moreover, according to this author, 
simulation activities improve the mathematical 
knowledge and attitudes of the teachers about 
probability. 

In summary, the activities analyzed in the paper can 
contributed to simultaneously develop the prospective 
teachers’ CCK, HCK, and some components of their 
didactic knowledge, in particular those referring to 
errors and biases in reasoning about sampling (KCS) and 
didactic resources for overcoming them (KCT). 
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APPENDIX: QUESTIONNAIRE 

Task 1 

A parcel of 100 drawing pins is emptied out onto a table by a teacher. Some drawing pins landed “up” and some 
landed “down”. The results were as follows: 68 landed up and 32 landed down. The teacher then asked four students 
to repeat the experiment (with the same pack of drawing pins). Each student emptied the pack of 100 drawing pins 
and got some landing up and some landing down.  

In Table A1, write one probable result for each student. 

Task 2 

A parcel of 100 fair coins is emptied onto a table by a teacher with the following result: 53 Heads and 47 Tails. 
The teacher then asked four students to repeat the experiment with the same parcel of coins. Each student emptied 
the pack of 100 fair coins and got some heads and some tails. In Table A2, write one probable result for each student. 

Task 3 

A teacher asks 4 students to flip 10 coins on the table and count the number of Heads and Tails. In Table A3, 
write one probable result for each student. 

Task 4 

From 100 attempts of a basket-ball player to throw the ball into the basket from the free-throw line, 70 are shots 
(land in the basket). In Table A4, write one probable result for four games in which he throws the ball 10 times from 
the free-throw line. 
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Table A1. 

Daniel Martín Diana María 

Up: Up: Up: Up: 
Down: Down: Down: Down: 

 

Table A2. 

Elena Clara Matías Rosa 

Heads: Heads: Heads: Heads: 
Tails: Tails: Tails: Tails: 

 

Table A3. 

Silvia Javier Miguel Carmen 

Heads: Heads: Heads: Heads: 
Tails: Tails: Tails: Tails: 

 

Table A4. 

Game 1 (10 throws) Game 2 (10 throws) Game 3 (10 throws) Game 4 (10 throws) 

Number of shots: Number of shots: Number of shots: Number of shots: 
Number of failures: Number of failures: Number of failures: Number of failures: 
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