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Abstract 

Designing tasks to foster students’ learning is challenging for teachers. In this article, we aim to 

understand how designing, enacting, and reflecting on tasks promotes the development of in-

service and prospective teachers’ didactical knowledge during lesson study. Data was collected 

through participant observation with audio recordings and document collection. Data analysis 

was based on a category system for task design and students’ work and a teachers’ didactical 

knowledge framework. The results suggest that, despite their different teaching experiences, there 

are aspects that both in-service and prospective teachers attended to when designing tasks. 

However, in-service teachers had clearer aims when designing tasks and changed them, after 

observing and reflecting on students’ work. Moreover, proposing tasks and reflecting on students’ 

work allowed both groups to rethink their practice to foster students’ learning, highlighting the 

potential of lesson study to deepen their knowledge. 

Keywords: in-service teachers, lesson study, mathematics, prospective teachers, task design, 

teachers’ didactical knowledge 

 

INTRODUCTION 

Tasks are a fundamental basis for students’ learning. 
Research highlights the importance of students working 
on tasks in which they can use different solving 
strategies and representations, building on their prior 
learning (Quaresma & Ponte, 2017; Stein et al., 2008). A 
particular type of such tasks are exploratory tasks 
(Ponte, 2005) for which students do not have an 
immediate solution but on which they can work using 
their previous knowledge.  

Several investigations (e.g., Quaresma & Ponte, 2017) 
indicate that, when students work on exploratory tasks, 
they may become more involved in the learning process, 
resulting in more meaningful learning. Teachers have a 
key role in selecting and designing such tasks. However, 
selecting and designing exploratory tasks is challenging 
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for teachers (Jesus et al., 2018; Santos et al., 2019). On the 
one hand, these tasks should be challenging, but also 
adjusted to the students who will work on them. On the 
other hand, exploratory tasks should go beyond the 
application of concepts and procedures, and should 
promote the construction of new concepts, 
representations or mathematical procedures. 

Teachers also find a challenge to teach lessons based 
on those tasks. Lessons based on exploratory tasks are 
anchored on students’ solving strategies, where 
moments of discussion after students’ work take on 
particular importance, increasing teachers’ in-moment 
decisions (Quaresma & Ponte, 2017; Stein et al., 2008). 
Additionally, most teachers are not familiar with lessons 
based on exploratory tasks (Jesus et al., 2018; Martins et 
al., 2021). As Stein et al. (2008) point out, leading these 
type of lessons requires “an extensive network of content 
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knowledge, pedagogical knowledge, and knowledge of 
students as learners” (p. 320).  

Leading such lessons can be particularly challenging 
for prospective teachers with no teaching experience, 
because “without solid expectations for what is likely to 
happen, novices are regularly surprised by what 
students say and do, and therefore often do not know 
how to respond to students in the midst of a discussion” 
(Stein et al., 2008, p. 321). 

Anticipating students’ solving strategies and most 
common difficulties during lesson planning helps 
teachers to select the students’ solving strategies that 
meet lesson goals, to rethink the tasks and how to 
support the students while they are working on the task 
(Fujii, 2019; Groves et al., 2016; Meiliasari, 2019). 
However, anticipating students’ strategies and 
difficulties in a thorough way is often also a challenge for 
teachers (Groves et al., 2016). 

Lesson study is a professional development process 
in which teachers work collaboratively to plan a lesson 
in detail, focusing on students’ learning. During the 
lesson planning, they carefully design tasks and 
anticipate students’ solving strategies and difficulties, 
sharing their ideas and discussing how to foster 
students’ learning. Then, one of the teachers teaches that 
lesson, called the research lesson, and all the group 
observes and reflects on the students’ work, taking into 
account the plan of the lesson (Fujii, 2019). Several 
investigations indicate that lesson study promotes the 
development of in-service and prospective teachers’ 
knowledge, namely about task design (Barber, 2018; 
Leavy & Hourigan, 2016) and students’ learning 
(Coenders & Verhoef, 2019). Lesson study is also an 
opportunity for teachers to understand how to plan and 
teach lessons based on exploratory tasks, allowing them 
to rethink their teaching practices, their role, and the 
students’ role in the classroom (Martins et al., 2021; 
Richit & Tomkelski, 2020). However, as Fujii (2019) 
indicates, few investigations address in detail how 
teachers carry out the design of the task for the research 
lesson. Therefore, it is important to understand how 
lesson study provides opportunities for in-service and 
prospective teachers to develop their knowledge about 
task design and how to enact tasks. 

In this article, we aim to understand how designing, 
enacting and reflecting on tasks in lesson study 

promotes the development of in-service and prospective 
teachers’ didactical knowledge, that is, knowledge about 
teaching practice and learning of mathematics. Our 
research questions are, as follows:  

1. What aspects do teachers attend to when they 
design tasks?  

2. How do discussions about tasks and students’ 
learning in lesson study promote the development 
of teachers’ didactical knowledge? 

DESIGNING TASKS AND DEVELOPING 
TEACHERS’ KNOWLEDGE IN LESSON 
STUDY 

Selecting and designing tasks, planning, and teaching 
lessons are part of the knowledge that the teacher needs 
to teach mathematics. Several researchers have sought to 
establish theoretical frameworks that allow them to 
describe this knowledge, among which Ball et al. (2008) 
and Ponte (2012). Ball et al. (2008) proposes a model 
where they distinguish content knowledge (with three 
subcategories) and pedagogical content knowledge (with 
other three categories. Ponte (2012) proposes a different 
model for the knowledge related to teaching practice and 
the learning of mathematics, with four dimensions that 
interact with each other, naming it “didactical 
knowledge”. One of these dimensions is knowledge of 
mathematics for teaching, similar to Ball et al.’s (2008) 
specialized content knowledge and horizon content 
knowledge, which includes knowledge of mathematical 
concepts, procedures and representations to be taught, 
and the teacher’s interpretation of the school subject. A 
second dimension is knowledge about students and their 
learning processes, which includes knowledge about 
students as individuals and the solving strategies they 
may follow, their learning processes, and the most 
common difficulties, similar to Ball et al.’s (2008) 
knowledge of content and students. Another dimension is 
knowledge of the curriculum, which, as Ball et al. (2008) 
state, concerns the overall goals and objectives of the 
curriculum and knowledge of various resources and 
forms of assessment. A final dimension is knowledge about 
teaching practice, which Ponte (2012) considers to be the 
core of didactical knowledge. Like Ball et al.’s (2008) 
knowledge of content and teaching and specialized content 
knowledge, it includes designing tasks to propose to 

Contribution to the literature 

• This research indicates aspects that both in-service and prospective teachers considered when designing 
tasks, influenced by their teaching experiences. 

• This research highlights the potential of lesson study for the development of teachers’ and prospective 
teachers’ didactical knowledge. 

• Putting into practice the tasks they designed and reflecting on their influence on students’ learning 
allowed teachers and prospective teachers to better understand how to plan and teach exploratory lessons 
to foster students’ learning, and to rethink their teaching practices. 
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students, choosing the most appropriate working mode 
for each task, and promoting mathematical 
communication. Teachers have an important role in 
selecting and designing mathematical tasks to propose 
to their students (Barber, 2018). When they select tasks, 
they need to consider learning goals and what students 
learned in previous years (Fujii, 2018, 2019). A task may 
be difficult for some students, while for others, it may be 
a simple exercise, depending on whether or not they can 
solve it through an immediate process (Ponte, 2005). 

The work students do on solving exploratory tasks 
may be the basis of their learning. So, it is important that 
teachers design tasks where students should be able to 
begin their work based on what they already know. 
Additionally, to develop students’ mathematical 
reasoning, they should be able to solve the tasks using 
several representations and different solving strategies. 
The students should be able to explain their work and 
justify their strategies or analyze justifications presented 
by other students (Ponte et al., 2020). However, 
proposing exploratory tasks poses several challenges to 
teachers, both in supporting students during their 
autonomous work, and in leading whole-class 
discussions. Teachers need not only to consider possible 
solutions for the task, but also to anticipate the 
representations and solving strategies that their students 
may use and the difficulties that may arise (Fujii, 2018; 
Meiliasari, 2019). Anticipating students’ strategies 
during the lesson planning sessions “is a characteristic of 
task design in lesson study” (Fujii, 2019, p. 698) and may 
lead teachers to change the wording of the tasks 
whenever deemed necessary. This work is the basis for 
the discussions on “the flow of the research lesson” 
(Fujii, 2019, p. 688), which occupies a considerable time 
of the planning sessions, including discussions on the 
suitability of the task and on the preparation of the 
whole-class discussion. Based on the observations made 
during the lesson, the teachers reflect on the students’ 
work and difficulties during the lesson, which may lead 
them to make changes in the task or the lesson plan. 

Several studies indicate that lesson study, as a 
professional development process for teachers, creates 
environments for sharing, discussing, and reflecting on 
important aspects of lesson planning and classroom 
management (Fujii, 2018; Ponte, 2017). In lesson study, 
the teachers analyze the strengths and weaknesses of 
different types of tasks, and prepare the lesson in detail, 
based on the anticipation of students’ work on the tasks 
that they designed (Barber, 2018; Fujii, 2019; Leavy & 
Hourigan, 2016; Martins et al., 2021). For example, Fujii 
(2018, 2019) refers to discussions among teachers on the 
choice of numbers and on the wording of questions 
arising from their anticipation of students’ strategies and 
difficulties. The choice of a mathematical or non-
mathematical context is another factor considered when 
designing tasks in lesson study (Leavy & Hourigan, 
2016; Ni Shuilleabhain & Seery, 2017) as so the in real-

world or in purely mathematical contexts. For instance, 
Leavy and Hourigan (2016) indicate that all prospective 
teachers participating in lesson studies that they 
conducted “reported the benefits of using a context to 
promote learning” (p. 168). 

Other studies refer to the challenges faced by in-
service and prospective teachers in their anticipation of 
students’ strategies and difficulties. In the study of 
Groves et al. (2016), the teachers’ reflections on their 
anticipation efforts helped them to prepare their 
interventions to support their students during the 
research lessons. They also highlight the changes made 
by the teachers to the lesson plan and wording of the task 
as a result of their reflection on the students’ work. 
Concerning the challenges faced by prospective teachers 
who were asked to anticipate the students’ strategies, 
Meiliasari (2019) concludes that this anticipation, 
although vague, “helped the pre-service teachers 
become more prepared and more confident” (p. 476).  

Richit and Tomkelski (2020) claim that, in their 
research, by planning and teaching a research lesson, 
participants were led to reflect on the management of 
lessons based on exploratory tasks, namely on the role 
and learning of students and on the difficulties that may 
arise. Barber (2018) also mentions the learning of 
participating teachers in the design and management of 
tasks that may be solved by different representations, 
because of discussions in the lesson study sessions and 
observation of students’ work in the research lesson. 
Regarding prospective teachers, Leavy and Hourigan 
(2016) indicate that there were “positive outcomes 
ranging from improvements in participants’ 
mathematical knowledge and pedagogical content 
knowledge” (p. 162-163).  

Among other learning outcomes, the authors report 
that prospective teachers developed their ability to 
identify weaknesses associated with certain procedures, 
leading them to be more attentive to selecting and 
designing tasks. In addition, Martins et al. (2021) 
highlight that the prospective teachers changed the 
wording of tasks, anticipated students’ solving strategies 
and difficulties, and included moments of students’ 
autonomous work and of whole-class discussion in the 
lesson plan, becoming more familiar with lessons based 
on exploratory tasks. Thus, participating in a lesson 
study is an opportunity for teachers and prospective 
teachers to develop their knowledge of task design 
(Barber, 2018; Leavy & Hourigan, 2016), students’ 
strategies and difficulties (Groves et al., 2016; Meiliasari, 
2019), and planning and teaching lessons based on 
exploratory tasks (Martins et al., 2021; Quaresma & 
Ponte, 2016). 
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METHODOLOGY 

Participants 

This article stands on two lesson studies, carried out 
in 2019/2020, in Portugal. A lesson study involved three 
in-service mathematics teachers (ITs), Branca, Luz, and 
Sofia, all from the same school, who were invited to 
participate. They all had been teaching for more than 25 
years. The first author (researcher), who had already 
worked with the teachers in other formative processes, 
assumed the role of facilitator by preparing and leading 
the lesson study sessions. The other lesson study 
involved two prospective mathematics teachers (PTs), 
Mónica and Olívia, in their last year of their mathematics 
teacher education program, and they were the only ones 
who were being supervised at their university by a 
teacher educator who showed interest in lesson study. 
The PTs had no teaching experience, although they 
observed several lessons in the previous school year. The 
second author (researcher) and the teacher educator 
were also participants in this lesson study. They met 
regularly to prepare the lesson study sessions, which 
they both facilitated. When possible, the cooperating 
teacher responsible for the classes where the research 
lessons would be taught also participated in the sessions. 

Context of the Lesson Studies 

The ITs planned a research lesson to grade 11 
students. A significant part of the seven planning 
sessions was spent on designing tasks in which students 
could work autonomously, explaining their ideas and 
justifying their reasoning. They also anticipated possible 
students’ solving strategies, thinking about ways to 
support students in the difficulties that might emerge, 
for instance, with questions. The task was adapted from 
the students’ textbook, where an example involving the 
volume of lidless boxes was presented. All teachers 
taught the research lesson, in their classes. After each 
lesson, the teachers reflected on the students’ work, 
comparing it to what they had planned, and discussed 
possible changes to the task or the lesson plan. 

The PTs spent four of nine lesson study sessions 
planning a lesson for grade 7 students. They discussed 
different types of tasks and possible tasks to propose in 
the classroom, evaluating strengths and weaknesses 
considering the lesson goal. The PTs also discussed the 
representations to foster, students’ possible solving 
strategies and difficulties, and strategies to lead the 
whole-class discussion. The task was adapted from a 
textbook and was thoroughly discussed during three 
sessions. The two PTs taught the research lesson in two 
different classes and reflected on it, considering the 
students’ work.  

Data Sources and Analysis 

This is a qualitative and interpretative research 
(Bogdan & Biklen, 1994), considering the environment of 
the lesson study as the source of data, and focusing on 
the work done by the participants. Data collection 
includes audio recordings of the planning (Sx) and the 
reflection sessions, document collection (tasks discussed 
and adapted, lesson plans, and written reflections), and 
interviews with participants. 

We analyzed the discussions about tasks and 
students’ work in both the planning and reflection 
sessions of each lesson study and we also considered 
excerpts of the teachers’ interviews where they talked 
about task design and students’ work. This resulted in a 
preliminary system of categories, inspired by the 
theoretical framework (Barber, 2018; Fujii, 2019; Groves 
et al., 2016; Leavy & Hourigan, 2016; Martins et al., 2021; 
Meiliasari, 2019; Quaresma & Ponte, 2016). We 
considered two categories, each with four subcategories:  

1. task design, considering context, wording and 
order of questions, and representations; and  

2. students’ work, including their previous learning, 
possible solving strategies, common difficulties, 
and questions to support them, and reasoning 
processes.  

Next, we coded the data based on those categories 
and refined them, resulting in the categories and 
subcategories in Table 1. We merged context with 
wording, as the discussions about context were also about 
the wording of the task; we combined reasoning processes 
with representations because participants’ discussions 
about representations to use considered the reasoning 
processes they wanted to foster; we merged students’ 
previous learning and possible solving strategies because, 
when the participants discussed the students’ possible 
solving strategies, they always had the students’ 
previous learning in mind; we also added exploratory 
lessons as a subcategory, meaning lessons based on 
exploratory tasks, since both in-service and prospective 
teachers planned the research lessons considering this 
teaching approach which usually unfolds in three stages: 
presentation of a task, students autonomous work, 
whole-class discussion (Ponte, 2005; Stein et al., 2008). 

Additionally, we coded the transcripts in each 
subcategory and analyzed them to investigate the 
development of knowledge of ITs and PTs, using two 

Table 1. Categories for data analysis 
Category Subcategory 

Task 
design 

Wording of questions 
Order of questions 

Representations 
Students’ 
work 

Previous learning & possible solving strategies 
Common difficulties & questions to support them 

Exploratory lessons 
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key dimensions of teachers’ knowledge: knowledge about 
teaching practice, especially about task design and 
enactment, and knowledge about students and their learning 
processes (Ball et al., 2008; Ponte, 2012). The data were 
coded separately by the first two authors of this article, 
who met regularly to discuss discrepancies and reach a 
consensus. The quality of the data analysis was ensured 
by discussions among all authors. 

Ethics 

Permissions necessary for data collection were 
requested from participants and school leaders. The 
ethical principles indicated by AERA (2011) were 
considered by the researchers. All participants were 
informed about the research goals and, after that, 
authorized the data collection. To ensure participants’ 
anonymity, their names are pseudonyms. 

RESULTS 

Lesson Study with ITs 

At the grade 11, students should be able to solve 
problems involving the determination of intervals of 
monotonicity and the extrema of real functions of a real 
variable by applying the derivative concept. As a 
starting point, the ITs decided to give the students a task 
that involved building lidless boxes from a sheet of 
paper, cutting out four squares of side x, one from each 
corner of the sheet. The students should establish a 
relationship between the monotonicity of a V function, 
which relates the measurement of the height of the box 
to its volume, and the sign of the respective derivative 
function. They should also determine the maximizer of 
the function. 

Wording of questions 

Considering their knowledge of their students, the 
ITs decided to include questions to address students’ 
most common difficulties, such as understanding that a 
function may have an extreme at 𝑥 = 𝑎, 𝑎 ∈ 𝑅, without 
being derivable at this point. To promote the 
justification, the ITs decided to include the function 𝑔, 
whose algebraic representation is 𝑔(𝑥) = |𝑥 − 3|, and 
discussed how to write the question, considering the 
information to give to the students: 

Luz: “What can be concluded about the 
derivative? And about the extrema?” 

Sofia: “And in this case, is it a null derivative?” … 
“Is the derivative of 𝑔 at 3 null”?… “And is 𝑔′(3) 
equal to zero?”… Or we could put it the other way 
around: “𝑔 has no derivative at 𝑥 = 3”. 

Researcher: But should we say this, or do we want 
them to conclude it? 

Sofia: Because it’s more evident that [the function] 
has a minimum… “And is it a null derivative?” 
The fact that there is no derivative, or not a null 
derivative, does not mean it can’t be an extreme 
(S11). 

After discussing, the ITs decided to write  
“𝑔(𝑥) = |𝑥 − 3| has a minimum” (Figure 1), aiming not 
to limit students’ strategies and representations, thus 
enriching the whole-class discussion. 

In the post-lesson reflection, the ITs mentioned that 
the wording of that question was clear, as most students 
realized what to answer. However, several students had 
difficulties in establishing a relationship between the 
sign of the derivative of the function and its 
monotonicity, so they sought reasons for this difficulty:  

When they [the students] put the graph on paper, 
they don’t bring them together [the zero of the 
derivative and the maximizer of the function] … 
But if they first understand that the maximum of 
the function corresponds to the zero of the 
derivative, when they write it down ok then they 
do bring them together. If not… They have 
difficulty in establishing the relationship (Sofia, 
reflection 2). 

As they believed that the students’ difficulty was 
caused by the wording of the questions, they decided to 
change it. Instead asking first to draw a connection 
between the sign of the derivative and the monotonicity 
of the function, and then determining the zero of the 
derivative, the students should understand that the zero 
of the derivative is the maximizer of the function, and 
only then they should identify the intervals where 𝑉′ is 
positive or negative and try to establish the requested 
relationship: 

For them [students] to understand that the value 
of 𝑥 is the same, if they do this [determine the 
maximizer of the function], they can see that the 
value of 𝑥 at a maximum corresponds to the zero 
of the derivative… They first look at the issue of 3 

 
Figure 1. Wording of a question (S11) 
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and then... They’ll realize that the 𝑥 is the same 
(Sofia, reflection 2). 

Thus, the task design was influenced by discussions 
on the questions that should be included in the task and 
on how they should be worded to address the students’ 
most common difficulties, without limiting the 
representations and strategies they could use and 
without moving away from the goal of the lesson. It was 
also influenced by teachers’ reflections about students’ 
work, based on their observations during the research 
lesson. 

Order of questions 

In addition to discussions about the questions’ 
wording, the ITs also discussed how they should order 
them: 

They have all the possible examples. To start with 
[the function of] the volume of the box has an 
extreme: the derivative is null [𝑎𝑡 𝑥 = 3] and it is 
extreme [of the function]. Then the other one 
[question] that [𝑥 = 0] is zero [of the derivative] 
but not extreme [of 𝑓(𝑥) = 𝑥3]. And then the other 
one [𝑔(𝑥) = |𝑥 − 3|] that has an extreme but not a 
derivative [at 𝑥 = 3] (Sofia, S12). 

The ITs decided to order the questions so that the 
students would begin by establishing a relationship 
between the monotonicity of function 𝑉 and the sign of 
its derivative. They would then work on specific cases, 
one where there is a derivative but the function has no 
extremes (𝑓(𝑥) = 𝑥3) and the other where 𝑥 = 3 is the 
extreme of 𝑔(𝑥) = |𝑥 − 3|, while the derivative is not set 
at 𝑥 = 3. Finally, to promote a generalization, they 
included a question, where the students (Figure 2) “have 
to consider whether or not it is true by summarizing 
what they have previously seen...” (Sofia, S12). 

The task design was therefore influenced by the 
discussion on the order of the questions, beginning with 
questions where the algebraic expressions of the 
functions were on the task and ending with a question 
where that was not the case. 

Representations 

To establish a relationship between the monotonicity 
of function 𝑉 and the sign of the derivative, the students 

could use a table in which they recorded the variation of 
the sign of the derivative function and the monotonicity 
of the function. The teachers had to decide whether or 
not to put a table in the statement of the task for students 
to complete: 

Sofia: If we put it here [the table], it is as if we are 
already killing it. 

Luz: We are already conditioning… But I think 
that then we need something to systematize... 

Sofia: Yes, maybe... Not give it straightaway... Just 
summarize it… In other words, give it [the table] 
as a structure for the organization of information, 
don’t you think? (S11). 

After some discussion, the teachers decided not to 
include a table to avoid standardizing the 
representations that might emerge. However, they 
decided that if the students did not use the table, then 
they would introduce it during the whole-class 
discussion, as they believed it would be the best way of 
organizing the information and responding to these 
types of questions:  

If they don’t [use the table], we may make a little 
table to clarify the idea: “OK. Therefore, what do 
we know about this function? … We have the 
value where the derivative is nullified... And we 
then have the issue of looking at the maximum... 
Where the function is increasing, where the 
derivative is positive…” (Sofia, S11). 

These teachers’ discussions influenced the task 
design and brought them a new perspective on the 
representations to include in the task, without limiting 
the representations that the students could use. 

Students’ previous learning and possible solving 
strategies 

Considering what they had planned, the ITs 
identified what learning they expected the students 
already developed. In the grade 10, they were expected 
to be able to identify zeros, intervals of monotonicity and 
the extreme of quadratic functions, and use a graphing 
calculator to determine the extrema of other polynomial 
functions. At the present, they were expected to use the 

 
Figure 2. Order of questions (S12) 
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derivative rules to write the algebraic expression of the 
derivative of polynomial functions: 

[Reading a first version of the task] “Nuno has a 
counterexample that shows that the statement is 
false… And refers to the real function of the real 
variable 𝑓(𝑥) = 𝑥3. Who is right? Why?” They 
have to think here. They are already familiar with 
the derivative rules... They immediately get the 
zero of the derivative… (Sofia, S11). 

To decide on how they would phrase the questions, 
the teachers also identified contents that would be 
studied on in grade 12, such as how to relate the second-
order derivative to the concavity of the graph of a 
function.  

[We should include in this task] Something that 
summarizes the relationship of monotonicity, the 
sign… Because this is also important for the 12th 
[grade]. There’s a part there where we introduce 
concavity and the inflection points (Luz, S10). 

Thus, the ITs evidenced their knowledge of the 
mathematics curriculum, not only on what the students 
were expected to know, but also on what the students 
were expected to learn in the following year, which 
influenced the task design. 

With this knowledge, the ITs anticipated the 
students’ possible solving strategies. For example, to the 
relationship between the monotonicity of function 𝑉 and 
the sign of the derivative, students could use a verbal 
representation or a table. 

After observing the lesson, the teachers reflected on 
the representations used by the students, namely the 
table in which they would record the variation of the 
sign of the derivative function and the monotonicity of 
the function: 

Luz: That student went up to the board to draw 
the table, and that [𝑥 values] was −∞ to +∞… 
And so, I asked: ‘is this in the context of the 
problem?’ They immediately said “no”. 

Sofia: They should do a complete analysis and 
then intersect with the domain, or contextualize 
right from the beginning. [Students have] to be 
aware that they may do it both ways. These 
students understood because there they did it one 
way, and their peers presented it in another way 
(reflection 3). 

Luz spoke about the answers of the students who 
drew the table considering the set of real numbers, and 
Sofia added that when the students presented and 
explained their work to the class, they could see different 
strategies could be used to solve the task. The teachers’ 
reflections led them to look again at the task they 
designed, recognizing its potential not only for students 

being able to use different representations, but also for 
presenting and explaining them. 

Students’ common difficulties and questions to support 
them 

The ITs also considered the difficulties that students 
might have when working on the task. For example, they 
anticipated that the symbolic language used in question 
1.7 (Figure 2), would be difficult for some of the 
students. Instead of changing the wording of the 
question, they thought about how they could support 
them. 

Just as they had anticipated, they realized that, 
during the lesson, some of the students “were a little 
overwhelmed by all these symbols… Because the 
interpretation is not that obvious” (Sofia, reflection 3).  

However, the teachers believed that their planned 
interventions helped the students to overcome their 
difficulties: 

In their initial readings, “I haven’t got a clue about 
what is written here”. It’s more formal, isn’t it? … 
I think here it helped to have said: “So, let’s have 
a good look. In line with the previous 
examples…” Because they don’t always connect 
what has been done before with what comes 
later… After some discussion they managed to get 
it (Sofia, reflection 3). 

According to Sofia, the suggestion to return to the 
answers they had given to the previous questions helped 
the students to overcome their difficulties, without 
having to change the wording of the task.  

They also analyzed the difficulties and errors that 
they did not anticipate: 

Luz: I noticed with my class… [On the side of the 
base of the box] 16 − 𝑥. They only remove it [x, the 
height of the box] from one side... 

Sofia: There’s always someone in the groups who 
says: “16 − 𝑥”. And someone else saying: “No”. 
Even within the group, in the first discussion 
many use the 16 − 𝑥 and then in the group 
someone says: “No. You have to remove...” 

Luz: They’re aware that something must be 
removed, but they only take it from one side. 

Sofia: That’s their initial instinct, but then there’s 
always someone in the group to correct it. “No. 
You have to remove 𝑥 from each side.” There they 
get to 2𝑥 (reflection 3). 

Listening to students’ explanations during the lesson 
gave the teachers a new insight into the communication 
among them, as they were able to observe how 
discussions among the students during their 
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autonomous work helped them to identify and correct 
the errors in their answers. 

Reflecting on the work they carried out in the lesson 
study, the ITs acknowledged that anticipating students’ 
strategies and difficulties influenced their work and 
learning, while helping the teacher to manage students’ 
work on the task, even when they anticipate that the 
wording of the questions may give rise to difficulties. 

Exploratory lessons 

The work of the teachers in the lesson study gave 
them a broader view of the planning and teaching of 
exploratory lessons. They acknowledged that when 
students work on tasks such as the one they planned, 
learning is more meaningful, compared to more teacher-
centered teaching approaches: 

It became somewhat more ingrained, more 
consolidated… You are not telling the student 
how things are done, the student is the one who 
creates, engages… The fact that it takes them some 
time is also the time required for them to engage… 
Because much of the time when we are telling 
them, they can see it, but it doesn’t mean very 
much to them, right? … And I think that their 
learning becomes more consolidated… 
Understood in a deeper way (Sofia, interview).  

Referring to propose exploratory tasks in their 
subsequent teaching practice, the teachers discussed the 
importance of planning its presentation, considering the 
target students and how they engage with and react to 
the task: 

Luz: I am now going to try this [a task to work on 
transformations of the graph of quadratic 
functions], which we did last year… I have a 
feeling that it will be different… Because they 
have more difficulties… Even the simple fact of 
working in groups… Sometimes this may also be 
a determining factor for things to go well. 

Paula: But as you already have the experience, if 
you were to plan the lesson from scratch… would 
it also be different? 

Luz: I’d already thought about that… It’s 
completely different… 

Sofia: The introduction of the task itself may be 
more detailed, for example. If they have more 
difficulty in communicating, you may give them 
more detailed preparation there… So that they 
feel more at ease and can work autonomously. 
(interview) 

Thus, the task design and lesson observation, as the 
ITs’ reflections on that work, led them to rethink the 

tasks they propose to their students and how they teach 
the lesson.  

Lesson Study with PTs 

To introduce the topic of functions in grade 7, the 
cooperating teacher decided to begin reviewing direct 
proportion as a relationship between two variables. At 
this point, the students were expected to already be able 
to recognize and interpret this relationship using tables, 
graphical representations, and algebraic expressions. 
They were also expected to be able to determine values 
using various procedures such as proportional 
relationships, rule of three, and multiplicative factors. 

Wording of questions 

In the initial interview, the PTs expressed concern 
regarding students’ motivation for mathematics lessons. 
In Olívia’s words: “One [of my main concerns] will really 
be… motivating the students, getting the students’ 
attention” (Olívia, initial interview).  

Consequently, the PTs suggested that the context of 
the task for the research lesson should be closely 
connected to the students’ reality: “Here [in the context 
of the school] it is more [the sale of] codfish and [the 
work of] codfish trawlers...” (Mónica, S4).  

Then, the PTs sought to find out more information 
about the socio-economic context of the students and 
decided to adapt the original task (which illustrated a 
situation with the cost of cakes) to the context of fishing 
and selling codfish, since this is a common professional 
activity in the region. 

After designing the first version of the task, 
considering the insights by the discussions during lesson 
study sessions, the PTs decided that some of the 
questions needed to be reworded, stating that a question 
wording influences the students’ work and, 
consequently, the learning goal. Particularly, to use the 
word “reasoning” could lead students to structure their 
work on proportions which would limit the strategies 
they could follow: “Should we use the word ‘reasoning’ 
or ‘determine the value of’? Because by saying that it is 
reasoning, the word already leads them towards 
proportions” (Mónica, S5). 

This concern with the students’ interests influenced 
the task design, adapting the task to their context (fishing 
and selling codfish), and considering numbers that were 
in line with the situation (the cost of codfish boxes, 
obtained through contact with a local wholesaler). The 
wording of the task was also influenced by discussions 
on the mathematical terminology that would shape the 
students’ work. 

Order of questions 

To meet the learning goals, the group felt it was 
necessary to rethink the order of the questions (Figure 
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3). In the first version of the task, the students would 
begin by completing a table that related the number of 
codfish boxes to their cost (referred as price by PTs). 
Then, they would make a graphical representation of the 
situation, to finally write the algebraic expression 
representing the situation. 

The PTs considered changing the order of the 
questions, as they wanted the students to identify the 
proportional ratio through the multiplicative factors that 
students would use to complete the table. After 
completing the table, the PTs would ask them to 
calculate the quotient between the two variables for all 
the values presented in the table. Then, the students 
could conclude that this quotient was constant, leading 
them to the value of the direct proportion constant 
(Figure 4). To help students write the algebraic 
expression relating the two variables, the group added 
another question in which they had to determine the cost 
of 200 and 500 boxes of codfish. Considering the values 
in Figure 3, to calculate the cost of 200 and 500 boxes, 
students could use proportion constant, which would 
direct them to write requested algebraic expression and, 
consequently, to promote generalization. 

The PTs seemed to understand the importance of 
considering the order of the questions in the task, since 
it influenced the solving strategies and representations 

that the students might use. In this case, by proposing a 
graphical representation before an algebraic expression, 
the students could be led to write the algebraic 
expression without using multiplicative factors, which 
was not the PTs’ intention. 

Representations 

The discussion about the representations to foster 
substantially influenced the task design, namely the 
order of questions. Initially, the PTs intended the 
students to explore the different ways of representing a 
function and considered the table, the graphical 
representation, the arrow diagram and the algebraic 
expression. However, the group decided to revise direct 
proportion as a relationship between two variables, and 
the PTs said that the students should explore tabular and 
graphical representations: 

Olívia: [Let’s choose the] Cartesian graph… 
Because the arrow diagram is what they work 
with most… 

Mónica: The graph and the table… Is the best way 
for them to relate the variables…? As a basis for 
them to get to the algebraic expression as well… 
Which will foster generalization (S4). 

 
Figure 3. Order of questions (S4) 
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To Mónica, after working on tabular and graphic 
representations, it would be easier to write the algebraic 
expression that related the number of codfish boxes to 
their cost. However, the group considered that asking 
the students to do a graphical representation would take 
up too much time and would not allow solving and 
discussing the remaining questions. Hence, the PTs 
decided to change the order of the questions (Figure 4) 
to help students to write the algebraic expression, 
showing a concern with promoting generalization. 
Additionally, they discussed the potential of using 
multiple representations, favoring tabular and algebraic 
representation, but proposing the graphical 
representation at the end of the task.  

In the reflection, the PTs referred to the students’ 
difficulties in writing the algebraic expression and 
compared with what they had anticipated: 

We did not anticipate, for example, that they 
would be able to generalize orally, but that they 
would have difficulties in writing mathematically. 
Algebraically (Mónica, reflection 2). 

[The students] were unable to translate into 
mathematical language, but wrote in everyday 
language (Olívia, reflection 2). 

After observing how students expressed the 
relationship between the variables using verbal 
representation, the PTs paid more attention to the 
representations that students used to justify their 
reasoning, although they had not been able to write the 
algebraic expression. The PTs also valued the use of 
different representations when designing the task, 
leading them to change the order of the questions, 
considering the established learning goal and the 
duration of the lesson. 

Students’ previous learning and possible solving 
strategies 

In the planning sessions, the PTs mentioned the 
importance of considering the learning the students 
should already have to properly design the task. 
According to Olívia: “the students’ previous learning is 
important… Because it is the starting point to solve that 
task” (Olívia, S2). 

 
Figure 4. Order of questions (S5) 
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The PTs demonstrated knowledge of the 
mathematics curriculum, namely in relation to the 
knowledge of students, considering the learning goals: 

[In the previous grade, students usually] work 
with proportion and have to find the proportion 
constant. Therefore, they work without 
variables… And sometimes do trial and error ... 
(Mónica, S4). 

Thus, the discussions on the students’ usual ways of 
working (procedures and representations) in direct 
proportion situations influenced the order and the 
wording of the questions (Figure 4), and therefore, the 
task design. 

With this knowledge, the PTs autonomously 
anticipated the possible solving strategies students 
might use for each of the questions. In their analysis, the 
researcher, teacher educator and cooperating teacher 
concluded that the PTs did it in detail. In the planning 
sessions, the PTs had the opportunity to expand their 
knowledge on the strategies that the students could 
follow, based on the discussions regarding students’ 
expected learning and the difficulties they might 
experience, namely the use of multiplicative factors, a 
solving strategy that had not been anticipated 
beforehand. 

When reflecting on the lesson, the PTs mentioned 
students’ difficulties in using proportions and the rule of 
three, which is learning they would have been expected 
to have already acquired. Mónica also referred to the fact 
that it would have been important to include a 
connection in the final synthesis between this learning 
and the work carried out during the lesson. 

In terms of writing the algebraic expression, Olívia 
found that a group of students gave an answer that had 
not been anticipated and that should be accepted as a 
valid strategy, although the expected algebraic 
representation had not been used: 

Two groups wrote in everyday language that the 
cost of the codfish was obtained by multiplying 
325 by the number of boxes. They were unable to 
translate this into mathematical language, but 
they did write it in everyday language. We also 
have to value this! (Olívia, reflection 2). 

The work of the PTs in anticipating solving strategies 
was quite extensive. However, when observing the 
lesson, they identified an unanticipated answer and 
valued the different students’ solving strategies, which 
provided them with a new insight into managing the 
task and the lesson. 

Students’ common difficulties and questions to support 
them 

In addition to the students’ solving strategies, the PTs 
also anticipated their potential difficulties when 
working on the task and, accordingly, included some 
supporting orientations in the lesson plan. For example, 
they considered that the students might find it difficult 
to complete the table relating the number of codfish 
boxes to the amount the wholesaler should pay. To help 
them overcome this, the teacher would refer to the 
multiplicative factors or consider only the first two lines 
of the table in order to simplify the information given 
(Figure 5). 

The PTs also anticipated that the students might have 
difficulties in interpreting the values of the quotients 
between the two variables, considering all the values in 
the table, in the context of the situation. Intending to 
support them, the PTs suggested that the teacher use the 
price of a box to help the students make a connection 
with the found values (Figure 6). 

When the PTs reflected on the students’ work in the 
research lesson, they valued the anticipation of the 
students’ difficulties and the preparation of teacher’s 
interventions: 

These [anticipated] questions were confirmed and 
the students needed a lot of guidance… [They] 
managed to grasp the key ideas through the 
sentences that had previously been planned… 
That turned out to be an asset (Mónica, written 
reflection). 

In Mónica’s opinion, thinking about how the teacher 
could support the students during the lesson appears to 
have been crucial to their work on the task. Thus, the 
results point to a positive appraisal of the work 
involving anticipation and reflection on the task design 
and the students’ work. 

 
Figure 5. Teacher’s questions to support students (lesson 
plan) 
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Exploratory lessons 

Following the teacher educator’s suggestion, the 
lesson would be planned according to the three stages of 
an exploratory lesson. The first tasks proposed by the 
PTs did not allow to use different solving strategies that 
could be discussed with the whole class. When they 
analyzed these tasks, the PTs realized that they needed 
to make adaptations, thus indicating their 
understanding that the tasks students are required to 
solve are related to the work they carry out. Therefore, 
the first lesson study sessions discussed the structure of 
an exploratory lesson and on the type of task that 
promotes the contrast among different solving strategies 
and representations. 

Mónica created a task that allowed the students to use 
different solving strategies and representations, thereby 
enriching the whole-class discussion: “We want them 
[the students] to relate the variables and proportion ratio 
again, so… Making a [graphical] representation or 
analysis, will already lead them to the [whole-class] 
discussion...” (Mónica, S4).  

Olívia, in turn, selected a task from a textbook that 
gave students the opportunity to relate different ways of 
representing a direct proportion situation (tabular, 
graphical and algebraic), although not allowing for 
different solving strategies. 

Analyzing the proposed tasks, discussing their 
strengths and weaknesses, the PTs acknowledged the 
value of the tasks as a starting point for the students’ 
work, as Olivia referred during the reflection phase: 
“The choice of the task is important, mainly because… It 
enabled the students to have an active role in the whole-
class discussion” (Olívia, reflection 2). 

This work appears to have been important for the PTs 
to develop their knowledge about the tasks which, in 
turn, influenced their knowledge regarding the 
organization of an exploratory lesson. At the end, 
Mónica and Olívia appeared to value this kind of lesson: 

I think this is the direction we should take and 
move away from traditional teaching… I think the 
students learn a lot (Olívia, final interview). 

The students develop great critical thinking, as it 
is easier for them to question their peers’ strategies 
than their teacher’s (Mónica, written reflection). 

The discussions during the planning and reflection 
were opportunities for the PTs to rethink the planning 
and teaching of the lessons that promote student 
learning, with particular emphasis on exploratory tasks. 

DISCUSSION 

This study suggests that there are aspects that both 
ITs and PTs considered in task design and enactment. 
However, having different teaching experiences, their 
reasons for considering such aspects are distinct. 
Concerned about the students’ learning, the ITs decided 
to include questions to address students’ most common 
difficulties and discussed how to word them to foster 
justification. After observing students’ work, they 
considered that the wording of two questions created 
them unnecessary difficulties and decided to reword the 
questions for students to promote the intended learning 
(as in Fujii, 2018, 2019). Differently, the PTs showed a 
great concern for students’ motivation and decided to 
adapt the task to a context closely related to their reality. 
Thus, when discussing the wording of the questions in 
order to not limit students’ possible strategies, albeit in 
different ways, the two groups developed their 
knowledge about teaching practice. In addition, the ITs also 
deepened their knowledge about the students and their 
learning processes. 

The ITs decided that the students should begin 
working on particular cases to address their 
misconceptions and, at the end, they would include a 
question to encourage students to make generalizations. 
In a different way, aiming for students to explore 
different representations, the PTs decided to begin by 
proposing to them to fill in a table, leading the students 
to generalize, using the value of the direct proportion 
constant. Thus, both groups ordered the questions to 
develop students’ capacity to generalize. 

Regarding representations, based on their 
experience, the ITs considered the tabular representation 
as the most effective to establish the sought 
relationships. However, discussing whether to include a 
table in the task, they decided not to do so, to keep open 
the strategies that the students could follow. The PTs, for 

 
Figure 6. Teacher’s questions to support students (lesson plan) 
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their part, decided to include questions where students 
should complete a table or write an algebraic expression 
of a function. Considering the goal and the available time 
for the lesson, they decided not to explore the graphical 
representation, although they recognized its value. 
Therefore, discussing the representations to include in 
the task and the representations that students could use 
was an opportunity for both groups to develop their 
knowledge of teaching practice. While valuing different 
representations, possibly due to lack of experience, the 
PTs did not anticipate that students could use the verbal 
representation instead of writing an algebraic expression 
of the function. Thus, analyzing the representations that 
the students used, allowed the PTs to develop their 
knowledge about students and their learning processes. 

When they designed the tasks, both groups also 
considered the students’ work, as their previous learning 
and possible solving strategies. The ITs, with greater 
knowledge of the curriculum and teaching practice, also 
attended to what the students were expected to learn 
and the representations they would use in the following 
year. When the ITs reflected on the research lesson, they 
discussed the potential of the task allowing a great range 
of solving strategies and representations that students 
could use, while the PTs focused on the unanticipated 
strategies. This work favored the development of ITs and 
PTs’ knowledge about students and their learning processes.  

Another aspect considered by both groups was 
anticipating students’ difficulties. Considering their 
teaching experience, the ITs paid particular attention to 
the question in which the students were supposed to 
generalize, because they were supposed to do so based 
on the work that they did on several questions, which 
they were not usually asked to do. Reflecting on the 
lesson, the ITs mentioned that their interventions 
effectively helped the students solve the task and 
generalize. Reflecting on students’ difficulties, the ITs 
also valued students’ interactions while working on the 
task as a way to overcome them. Regarding the PTs, 
several studies point out they face challenges 
anticipating students’ solving strategies and difficulties 
(Fujii, 2018; Meiliasari, 2019; Santos et al., 2019). 
However, they were able to anticipate almost all 
students’ solving strategies and difficulties considering 
the knowledge about students that they developed 
observing the cooperating teacher practice. This 
highlights the collaborative work between the PTs, 
based on the lessons they observed. Reflecting on the 
lesson, both the ITs and PTs concluded that anticipating 
students’ difficulties and preparing questions to support 
them, helps the teacher to manage students’ work on the 
task. Therefore, this activity in lesson study influenced 
the task design, as Fujii (2019) and Meiliasari (2019) also 
point out and created opportunities for both groups to 
deepen their knowledge about teaching practice and about 
students and their learning processes.  

Finally, both groups reflected on leading the 
exploratory lessons. The ITs and PTs realized that the 
tasks were, indeed, the basis for the students’ work and 
that their learning is more meaningful, compared to 
teacher-centered teaching approaches. Reflecting on 
their students’ strategies and difficulties, the ITs also 
discussed how they could manage exploratory tasks in 
other classes after the lesson study (as in Ni 
Shuilleabhain & Seery, 2017). In the case of the PTs, the 
development of their knowledge was enhanced by 
analyzing different types of tasks in the planning 
sessions, with an emphasis on exploratory tasks, as also 
concluded by Martins et al. (2021). This analysis was not 
necessary with the ITs as they had already worked with 
different types of tasks, including exploratory tasks. 

The ITs had more teaching experience and 
knowledge about teaching practice and students’ 
learning than the PTs, influencing the way they 
discussed the task design and enactment, and 
consequently, the knowledge that they developed. The 
ITs thought about the potential of the task to promote 
students’ learning, helping them to overcome their usual 
difficulties. When the ITs designed the task, they also 
considered what they expected students to learn in the 
following year, which was not discussed by the PTs, 
showing their knowledge about the mathematics 
curriculum. The PTs had opportunities to develop their 
knowledge from working between themselves, but 
mainly through discussions with the teacher educator, 
the cooperating teacher, and the researcher, who had all 
teaching experience. Therefore, the ITs and the PTs were 
able to expand their knowledge on the design and 
management of tasks, in tandem with their knowledge 
about students and their learning processes. 

CONCLUSION 

Teachers face several challenges in designing tasks 
that allow students to use various solving strategies or 
representations as starting points for whole-class 
discussions. Our research highlights the potential of 
lesson study in the development of teachers’ and 
prospective teachers’ knowledge, allowing them to 
rethink their teaching practices and to better understand 
how to design and enact exploratory tasks. Answering 
research question 1, we conclude that when designing 
tasks, both ITs and PTs paid particular attention to the 
wording and order of the questions, as well as to the 
representations that they should include in the statement 
of the task or that students could use. Other aspects that 
both groups attended to when designing tasks were 
students’ previous learning and possible solving 
strategies, the difficulties students might have in solving 
the task, and the interventions that could be made to 
help students overcome their difficulties. 

The lesson study allowed the participants to put into 
practice the tasks that they designed, which favored their 
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reflections about how the aspects that they attended to 
in designing the tasks influenced students’ learning. 
Answering research question 2, we conclude that the 
discussions in the planning sessions allowed ITs and PTs 
to develop their knowledge about the students and their 
learning processes, namely the difficulties they might have 
and the strategies and representations they might use. 
Moreover, the ITs’ and PTs’ reflections on the research 
lesson allowed them to broaden their knowledge by 
analyzing the strategies that the students followed and 
the difficulties they had. Both groups were also able to 
develop their knowledge about teaching practice, not only 
when designing the task and planning the lesson, but 
also when reflecting on the students’ work. In particular, 
they had the opportunity to discuss and reflect about 
designing tasks to propose to the students and about 
planning and leading different moments of an 
exploratory lesson. 

Our research stresses the reflection phase as a 
fundamental part of the development of teachers’ and 
prospective teachers’ knowledge, pointing out the 
importance of creating opportunities for them to reflect 
on students’ learning and in their teaching practice 
critically and systematically. 

The PTs were able to anticipate students’ work in 
detail, which may be a result of the lessons they observed 
before planning the research lesson. However, the 
cooperating teacher did not attend the lesson study 
sessions, which influenced task design. The task and the 
lesson were prepared without knowing the particular 
characteristics of the classes, as their usual difficulties or 
misconceptions, which is a limitation of this study. 

The PTs were concerned with students’ motivation, 
and they came up with several ideas to promote it, a 
concern that was not explicit in this ITs group. It may be 
very beneficial for PTs to participate in joint lesson 
studies with ITs (Coenders & Verhoef, 2019) as they 
could further develop their knowledge through the 
experiences shared by the ITs, who have more in-depth 
knowledge about teaching practice and about students 
and their learning processes. Additionally, joint lesson 
studies may also have advantages for the ITs since they 
could get in touch with the different ideas and concerns 
of the PTs, such as students’ motivations and interests or 
the use of innovative materials and technologies that 
they tend to be more familiar with.  

It is important to create national policies that support 
teachers’ professional development by considering their 
needs and giving them the time and conditions to work 
collaboratively with other teachers and with prospective 
teachers. In addition, disseminating the work done in 
lesson study by PTs during their teacher education 
courses is also important for their professional 
development (Zhang, 2015) and may encourage their 
involvement with the research community. 

Our research shows that the discussions in the 
planning and reflection phases were opportunities for 
participants to deepen their knowledge, particularly 
about tasks and students’ learning, and these discussions 
were enhanced by the enactment of tasks. It also makes 
visible task design aspects in lesson study, which may 
contribute to teacher educators and facilitators to value 
this professional development process and be attentive 
to issues regarding how to structure and conduct lesson 
study. 
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