
SUPPLEMENTARY MATERIAL 
	Table S1. Initial survey responses
	Part 1
	F-BDP
	SP-PA
	RG-PA

	
	T 1
	T 2
	T 1
	T 2
	T 3
	T1

	Years of teaching
	20-30
	10-20
	< 10
	10-20
	< 10
	10-20

	Please rate from 1 to 10 how useful you found this for your work in the classroom
	
	
	
	
	
	

	Reading of books and articles
	10
	9
	7
	9
	6
	10

	Workshops and in presence seminars
	10
	10
	-
	9
	8
	7

	Online webinar focusing on mathematics didactics
	7
	8
	-
	9
	5
	7

	Others (please explain)
	10a
	10b
	7
	-
	-
	10c

	How much would you like to receive further training on
	
	
	
	
	
	

	Problem-solving 
	10
	10
	7
	9
	10
	6

	Use of ICT in mathematics
	8
	8
	8
	9
	10
	6

	Special needs didactics 
	10
	10
	8
	8
	10
	8

	Spatial geometry 
	10
	10
	7
	9
	10
	6

	Probability and statistics
	10
	9
	5
	10
	10
	9

	History of mathematics
	10
	10
	4
	5
	8
	8

	Use of artifacts 
	10
	10
	8
	10
	10
	9

	Other subjects 
	-
	
	-
	-
	-
	-

	Didactic theories knowledge
	
	
	
	
	
	

	To what extent have you deepened your use of artifacts in mathematics teaching through training or professional development courses?
	9
	8
	5
	6
	4
	7

	In some contexts, ‘semiotic mediation’ is used to facilitate learning mathematics. This involves artifacts, group work, and emphasis on collective discussion. On a scale from 1 to 10, how well do you know this teaching theory?
	8
	7
	4
	7
	3
	7

	If you are familiar with this theory, which aspects interest you the most?
	d
	e
	-
	-
	-
	f

	What aspects would you criticize?
	g
	h
	-
	-
	-
	i

	In some contexts the concepts of “semiotic register”, “treatment” and “conversion” are explored in depth. On a scale from 1 to 10, how well do you know these concepts?
	5
	6
	1
	3
	1
	6

	Can you briefly explain what “semiotic register” means? (can you provide some examples?)
	j
	k
	-
	-
	-
	-

	Can you briefly explain what “treatment” means? (can you provide some examples?)
	l
	m
	-
	-
	-
	-

	Can you briefly explain what “conversions” means? (can you provide some examples?)
	n
	o
	-
	-
	-
	½=0.5

	Part 2
	F-BDP
	SP-PA
	RG-PA

	
	T 1
	T 2
	T 1
	T 2 
	T 3
	T1
	T 2

	In the classroom do you think it is more effective to work
	
	
	
	
	
	
	

	Primarily lecture-based, providing a clear and comprehensive initial explanation and having the students work extensively on the exercises from the textbook
	1
	2
	8
	2
	2
	3
	5

	Primarily hands-on/lab-based, providing students with very precise tasks and materials and allowing them to collaborate on solving the proposed problems
	10
	9
	7
	8
	8
	10
	7

	In a blended mode (lecture and hands-on)
	5
	6
	8
	9
	6
	6
	10

	Other
	
	
	-
	-
	-
	-
	-

	Use of artifacts in the classroom
	
	
	
	
	
	
	

	I currently use artifacts (yes/no and frequency of use)
	8
	8
	4
	No1
	6
	8
	6

	The artifacts I use are models/materials/objects
	8
	10
	6
	
	10
	8
	7

	The artifacts I use are software
	7
	7
	2
	
	8
	4
	1

	The artifacts I use are diagrams/graphical representations
	8
	6
	2
	
	5
	6
	1

	The artifacts I use are: other (specify)
	-
	-
	-
	
	-
	-
	8p

	In the classroom, I would like to use the following artifacts more often
	
	
	
	
	
	
	

	Models/materials/physical objects
	10
	10
	8
	
	10
	8
	8

	Software
	7
	8
	7
	
	6
	8
	2

	Diagrams/graphic representations
	8
	9
	6
	
	8
	8
	4

	Other artifacts
	-
	-
	-
	
	-
	-
	-

	I use/would like to use artifacts more often for
	
	
	
	
	
	
	

	Explaining a new concept
	9
	10
	8
	
	8
	10
	7

	Facilitating problem-solving
	9
	8
	6
	
	10
	8
	7

	Assessing learning 
	7
	8
	7
	
	8
	7
	7

	Other situations
	-
	-
	-
	
	-
	-
	-

	When choosing artifacts
	
	
	
	
	
	
	

	I rely completely on the experience and suggestions of more experienced colleagues
	8
	-
	6
	
	7
	6
	10

	I draw inspiration from the work of my colleagues but I modify according to my teaching needs
	10
	-
	8
	
	7
	8
	8

	I create them from scratch based on difficulties I observe in the students
	5
	6
	7
	
	8
	8
	8

	Other modalities
	-
	
	-
	
	-
	-
	-








	Table S1 (Continued).
	Part 3
	F-BDP
	SP-PA
	RG-PA

	
	T 1
	T 2
	T 1
	T 2 
	T 3
	T1
	T 2

	The advantage of using artifacts in mathematics teaching is, or could be, to
	
	
	
	
	
	
	

	Facilitate understanding of concepts (e.g., place value system, area vs. perimeter, part/
fraction vs. whole, equidecomposability, etc.)
	10
	10
	10
	
	10
	10
	10

	Make some abstract operations concrete (e.g., adding fractions, solving equations, etc.)
	10
	10
	10
	
	10
	10
	10

	Expand the range of representations of a mathematical concept, facilitating the transition from one representation to another 
	10
	10
	8
	
	10
	10
	10

	Others
	
	
	
	
	
	
	

	When using artifacts in the classroom, it is better or it would be better
	
	
	
	
	
	
	

	Restrict to the use of a specific artifact to mediate the understanding of a specific concept
	8
	6
	5
	
	8
	6
	7

	Let the pupils work with more than one artifact, to the understanding of the same concept
	10
	10
	8
	
	7
	10
	8

	Other
	-
	-
	-
	-
	-
	-
	-

	I think artifact are
	
	
	
	
	
	
	

	Totally ineffective for the understanding of mathematical concepts
	1
	1
	1
	3
	1
	1
	1

	Helpful only in some specific situation (e.g. special education needs)
	1
	1
	3
	4
	1
	1
	1

	Useful but constant input/help from teacher is necessary for full understanding of concepts 
	1
	3
	8
	9
	6
	3
	1

	Can ensure full understanding with a minimal intervention from the teacher
	10
	10
	4
	3
	6
	10
	3

	Can ensure full understanding with no intervention from the teacher
	9
	5
	2
	4
	4
	5
	5

	Require other considerations (please explain)
	
	
	-
	-
	-
	 
	7

	Using artifacts in the classroom
	
	
	
	
	
	
	

	Is or maybe dangerous or expose the teacher to risks in challenging classrooms: objects might become “weapons,” computers and digital devices could be used for illicit purposes, etc.
	6
	1
	1
	3
	5
	4
	2

	May distract from lesson objective and be used for activities not planned by teacher
	7
	2
	5
	4
	5
	1
	3

	May get pupils used to using concrete objects, making transition to abstraction more difficult
	8
	2
	5
	5
	5
	1
	3

	May bear other disadvantage or difficulties 
	
	
	-
	-
	-
	1
	-

	Part 4: Only the answers of teacher n. 2 from SP-PA are reported
	
	
	
	
	
	
	

	I prefer not to use artifacts in class because
	

	I do not think it is fair/necessary to use my free time to create resources beyond those I provide through my classroom teaching (extra explanations, listening, help with exercises, classroom practice, etc.)
	2

	The school does not provide the materials and tools necessary for their creation
	4

	Materials for making artifacts are expensive and/or not easily available 
	3

	They cause a lot of disruption in the lesson: students get distracted and do not complete tasks
	3

	I do not feel confident or prepared enough to use artifacts effectively
	8

	Other reasons
	-

	1If you think you might use artifacts in the future, indicate how likely you are to use
	

	Models/materials/concrete objects
	8

	Software
	8

	Diagrams/graphic representations 
	9


Note. Teachers’ comments appear as a legend beneath the table and correspond to coded letters in the Table 1; only the responses of teacher 2 of SP-PA, who declared not using artifacts, are shown; T1, T2, etc. denote teacher 1, teacher 2, and so on; a. Intense training programs focused on a specific topic or specific methodological approach (during a weekend, a week, or several consecutive days); b. Intensive in-person meetings focused on a teaching path or activity; c. Focused training courses (e.g. MatUp, M@t.abel); d. Improving learning in different contexts through a more interactive, flexible, and inclusive teaching approach; e. I believe that using concrete tools is essential to help students construct mathematical meanings. Artifacts become an indispensable bridge between abstract concepts and concrete experiences, making learning more accessible, especially for students who have difficulty with abstraction. Furthermore, I believe collective discussion promotes deeper understanding thanks to the variety of perspectives that emerge from peer interaction. This process offers students valuable opportunities to restructure and consolidate concepts through language. Finally, I am convinced that reflecting on artifacts and discursive interactions are powerful tools for developing critical and independent thinking skills in students, essential not only in mathematics but also in their personal growth; f. The possibility of using different registers in order to respect the diverse “intelligences” of students and the very nature of mathematics; g. In contexts with inexperienced or untrained teachers, the approach can fail or be applied incorrectly. The use of artifacts in teaching, as envisioned in the TSM, is often limited by tight scheduling in school planning; h. Semiotic mediation represents a significant challenge. It is essential to have a solid understanding of the artifacts and strategies needed to effectively guide discussion among students. If management is not careful, group activities risk becoming unfocused and may not lead to the construction of clear concepts. Another aspect to consider is time: this approach requires more space than traditional lessons, which can be difficult to reconcile with school schedules. Additionally, not all students participate equally or have the same communication skills, which can lead some to remain more passive during collaborative activities. Finally, I believe that a method focused on the quality of learning processes may be difficult to measure with traditional assessment tools. It is therefore necessary to develop criteria that consider not only correct answers but also the meanings and processes of knowledge construction; i. Too structured in “educational jargon” and therefore sometimes difficult to apply; j. A system of symbols, languages, and representations.
k. A semiotic register represents a way of encoding and decoding meanings through signs and is essential for learning and representing abstract concepts. Changing a semiotic register, for example moving from a graphic representation to a verbal or symbolic expression, requires a transformation of meanings that helps consolidate understanding; l. Processing a mathematical problem by moving from natural language to symbolic notation; m. Treatment refers to transformations that occur within the same semiotic register; for example, solving an equation is a treatment since algebraic symbols are manipulated while remaining within the algebraic register; n. Transition from one register to another, for example from a table to a graph; o. Conversion, instead, refers to the transformation that occurs between different semiotic registers. In this case, one moves from one type of representation to another while maintaining the same mathematical meaning. For example, drawing the graph of a line starting from the algebraic equation; p. Predominantly geometric shapes; q. Promoting collaboration and active participation, facilitating discovery-based learning, stimulating creativity and curiosity; & r. Self-esteem, skills



	Table S2. Answers to the final questionnaire
	
	
	

	Part 1
	F-BDP
	SP-PA
	RG-PA

	
	T 1
	T 2
	T 1
	T 2 
	T 3
	T1
	T 2

	Years of teaching
	27
	18
	2
	10
	6
	 16
	11

	Degree of involvement into school life
	10
	9
	6
	3
	7
	 5
	9

	Roles 
	a
	b
	c
	
	c1
	c2 
	d

	Individual development
	
	
	
	
	
	
	

	How confident do you feel in designing effective artifacts? 
	9
	8
	6
	6
	7
	 7
	6

	How confident do you feel in adapting already existing artifacts to your students’ needs?
	8
	7
	7
	8
	8
	 9
	6

	How frequently do you think you will use artifacts?
	9
	8
	7
	8
	9
	 9
	5

	The concepts introduced in the program (artifacts, semiotic potential, didactic applications, etc.) remained theoretical (1)/became working tools (10)
	10
	9
	7
	9
	10
	 6
	4

	The working team
	
	
	
	
	
	
	

	To what extent do you think the ability to analyze the semiotic potential of artifacts emerged from group work (10) compared to individual work (1)? 
	10
	9
	8
	8
	8
	 5
	6

	To what extent artifacts’ and lessons’ design resulted from teachers’ collaboration (10) rather than individual work?
	9
	9
	8 	
	9
	8
	 7
	6

	To what extent do you think your group of teachers has grown as a professional community capable of reflecting and innovating together after this program?
	10
	10
	8
	9
	9
	 5
	3

	What are main benefits you expect to gain from using artifacts in your lessons (please assign a score from 1 to 10 for each statement)?

	Increase students’ motivation
	10
	9
	10
	10
	10
	 9
	9

	Facilitate students’ understanding of mathematical concepts
	9
	9
	10
	10
	8
	 9
	7

	Develop students’ problem solving skills
	9
	9
	10
	10
	10
	 9
	7

	Facilitate student’s collaboration
	9
	9
	8
	10
	10
	 8
	8

	Facilitate students’ acquisition of mathematical language 
	9
	9
	8
	9
	10
	 6
	3

	Others
	e.
	
	-
	f
	
	 -
	-

	Evaluate difficulty(10) vs ease (1) of the following in using artifacts
	
	
	
	
	
	
	

	Design/identify artifacts appropriate for the intended use 
	4
	5
	5
	5
	7
	 6
	5

	Find the time to design and make artifacts
	7
	7
	5
	4
	6
	 4
	2

	Integrate artifacts within the didactic programs
	7
	7
	7
	9
	6
	 7
	7

	Please indicate other possible aspects
	g
	
	-
	
	
	 
	 

	The interaction with the accompanying researcher’s perspective had (1=no impact; 10=great impact).
	10h
	10i
	7
	9j
	10 k
	6 l
	5 m

	Program’s aims and your expectation were (1=not at all aligned; 10=perfectly aligned)
	9n
	8o
	6
	8
	8 p
	7 q
	4 r

	Your starting doubts (1=remained the same; 10=were challenged/eliminated)
	10 s
	9t
	7NR
	6u
	8v
	7 w
	7 x

	What impact do you expect elements of program to have on your teaching practice? (assign score from 1 to 10 for each option)

	Using/designing artifacts, reflecting on their semiotic potential
	10
	9
	6
	8
	10
	 8
	5

	Designing lessons using a lesson plan
	8
	8
	6
	8
	6
	 6
	8

	Designing and delivering lessons with observing colleagues
	9
	9
	6
	9
	6
	 5
	4

	Others
	y
	z
	NR
	
	aa
	 -
	ab

	Part 2
	
	
	
	
	
	
	

	What were the main benefits of the program? Please assign a score from 1 to 10 for each option (1 = fully disagree; 10 = fully agree)

	Awareness of the strengths and weaknesses of my teaching practices.
	10
	9
	8
	8
	8
	 6
	5

	Shared reflection with those who participated in the program
	10
	10
	10
	10
	8
	 7
	7

	Creation of work practices that can be sustained over time
	10
	10
	8
	8
	10
	 7
	6

	Enrichment of teaching strategies and improvement in lesson quality
	10
	10
	7
	10
	10
	 6
	5

	Greater adaptation to student needs
	10
	10
	7
	8
	10
	 7
	6

	Other
	ac
	ad
	NR
	ae
	af
	 -
	ag

	What were the main critical aspects of the program? Assign a 1(do not agree) to 10 (fully agree) score to each option

	Too much time dedicated to theory and too little to practice
	2
	2
	6
	3
	5
	 8
	7

	Little or ineffective interaction with the accompanying researcher
	1
	1
	2
	2
	1
	 4
	1

	The accompanying researcher was not fully knowledgeable about the topics covered, and explanations were unclear
	1
	1
	2
	1
	1
	 1
	1

	The topics addressed were not aligned with my curriculum
	1
	1
	5
	2
	1
	 1
	1

	The ideas discussed and the tools provided/suggested were poorly suited to the needs of my classes
	1
	1
	2
	2
	1
	 3
	4

	The ideas discussed were “things I already knew” and the discussion added nothing new
	1
	1
	1
	1
	1
	 2
	4

	Other
	ah
	ai
	
	
	al
	am 
	an

	Personal considerations and suggestions about the program undertaken together

	Did program spark the desire to share the experience within your subject department?
	9
	8
	6
	10
	10
	 7
	4

	Did the program spark the desire to share the experience with the primary school?
	8
	8
	8
	7
	10
	 8
	2

	Program received little support (1) or a lot of support (10) from the school principal
	10
	9
	7
	6
	10
	 2
	4

	Additional considerations
	ao
	ap
	NR
	aq
	ar
	 
	as


Note. Both the responses collected here and those from questionnaire 1 were provided anonymously; therefore, the codes used to identify teachers in the two questionnaires do not correspond. Letters in the table indicate teachers’ comments, which are reported in the legend; a. I am part of the schedule committee, digital team, PNRR committee, PDM/RAV committee; I am a class coordinator. I am involved in didactic design and innovation and work as an expert and trainer in various projects, with a particular focus on STEM and the use of digital technologies in the classroom; b. I am involved in various school activities: besides teaching math and science, I am part of the digital team and collaborate in the PDM-RAV and PNRR working groups. I work on design, didactic innovation, and participate in many projects as an expert and trainer with special attention to STEM and digital teaching; c. Class coordinator; class coordinator for the “Bolton” Project; c1. Projects; c2. Class coordinator; d. Reference for math games, reference for educational visits and field trips, class coordination; e. They facilitate the inclusion of students with special educational needs, can be adapted to different learning styles, help visualize abstract concepts (students “see” what was previously only symbolic), develop critical thinking; f. Promote inclusion; g. The use of artifacts must be simple and pleasant to look at and touch; h. Thanks to the external and qualified perspective of the researcher, we were able to observe our teaching practice with emotional detachment and analytical rigor that allowed us to highlight dynamics, potentials, and critical points often invisible in the midst of the lesson. The dialogue was truly generative: not a top-down feedback, but a lively exchange that fueled shared reflections, raised new questions, prompted reformulation of approaches, and suggested new hypotheses. Their presence strengthened our professional awareness, encouraging us to cultivate a continuous research attitude and to look at our daily practice with increasing critical and reflective spirit; i. The interaction with the accompanying researcher was very useful: it highlighted aspects I hadn’t noticed on my own and their observations sparked very interesting exchanges. They helped broaden my view, offering insights and connections that made the process richer and more stimulating; j. exchange, sharing, professional growth; k. Very motivating and stimulating; l. A different perspective helps better focus. Unfortunately, the researcher could not be present in class; m. The exchange of opinions was useful; n. In my teaching practice, I often used artifacts as teaching aids, but probably unconsciously, without deeply reflecting on their semiotic and communicative potential. This program helped me see artifacts with new eyes, recognizing them as active elements in meaning-making, not just as “tools” to convey content. Interaction with the researcher and the shared work with another teacher helped me gain greater awareness of how artifacts affect learning dynamics, organization, and classroom relationships. I learned to design artifact use more intentionally, valuing material, spatial, and communicative choices, and to capture their deeper effects on educational processes; o. Initially, I had no clear expectations, but over time the program proved much more stimulating and useful than I thought. Goals became clearer along the way and aligned well with my needs and working style; p. I expected more in-class activities to better understand the potential and uses of created artifacts; q. They were aligned with artifact use. Less so with teacher team work; r. I expected different artifacts; s. I was uncertain about how much students would truly grasp the meaning of the activity and the role of artifacts, but exchanges between teachers and researcher helped better interpret students’ responses (verbal and non-verbal), revealing often underestimated implicit learning. I feared that teacher and researcher exchanges could become judgmental rather than peer discussions, but collaboration created a climate of listening and co-construction, valuing different viewpoints as a resource. I was unsure how to collect meaningful data and observe them with a “researcher perspective” without losing sight of lesson flow, but tools, grids, examples, and especially researcher support helped build an accessible yet rigorous observational method; t. Initially, I didn’t know where the program would lead, especially since I never participated in a true lesson study. I had informal similar experiences with a colleague at my school. This program revealed the real potential of this approach and helped me see how well-structured shared observation can really help reflect on teaching methods. I understood the value of ongoing dialogue, joint planning, and in-depth practice analysis; u. Initial doubts about creating an effective artifact; v. Doubts about collaborating with other math teachers; w. Doubts about the usefulness of the specific artifact used, which seemed childish but showed more potential than expected. Unfortunately, teamwork was less fruitful than I hoped; x. No particular doubts before starting; doubts raised during meetings were promptly addressed; y. Reading and discussing results (notes, student products) to calibrate future lessons. Keeping dialogue alive with colleagues and researchers after the project to share resources and good practices. Asking students to reflect on how artifacts impacted their learning; z. Creating shared teaching paths with colleagues, promoting active and constant collaboration. Adapting ongoing paths flexibly to student needs and reactions. Using continuous colleague feedback to improve and modify lessons based on direct observation. Experimenting with differentiation and personalization strategies supported by collective reflection; aa. Creating shared teaching paths with colleagues, promoting active and constant collaboration. Adapting ongoing paths flexibly to student needs and reactions. Using continuous colleague feedback to improve and modify lessons based on direct observation. Experimenting with differentiation and personalization strategies supported by collective reflection; ab. I find it useful to discuss with colleagues the possibility of proposing artifacts before addressing certain topics in class; ac. I observed a clear increase in student engagement and motivation through more stimulating and meaningful activities. Ongoing collaboration between teachers and researcher strengthened our teamwork, making lesson design and delivery more effective. The experimented practices proved flexible and easily transferable to other classes and contexts, ensuring wider spread of innovative approaches. Moreover, we created solid documentation of teaching experiences that acts as a valuable archive for future reflections and sharing. Lastly, regularly discussing with colleagues and systematically reviewing my teaching choices made me more critical and aware, fostering continuous professional improvement; ad. Increased confidence in trying new strategies thanks to mutual support and confrontation. Ability to observe my own and others’ lessons more critically and constructively. Increased personal motivation and sense of belonging to the work group; ae. Facilitate student learning; af. Collaboration and sharing; ag. Reflection on time management; ah. The schedule of meetings with the researcher and among teachers did not always integrate well with school commitments; ai. I found no critical issues; al. Little time in class; am.The researcher’s absence in class reduced the project’s effectiveness, as their presence would have been important to better evaluate the teaching action. The theory part was too spread out over time and the one-hour class work (for a lab, at least two hours would be needed or even more); an. Tight timing due to many other school and personal commitments; ao. The mix of class practice and researcher perspective fostered deep shared reflection, supporting teacher professional growth. The focus on artifacts not as mere “supports” but as meaning carriers enriched didactic design and highlighted “invisible” elements (gestures, materials, languages) affecting learning. The adoption of lesson plans and observation grids brought order and systematics to documentation and analysis, facilitating formative evaluation and monitoring changes. Thanks to continuous dialogue with the other teacher and the researcher, exchanging observations and suggestions became spontaneous, creating a community of practice capable of sustaining and renewing itself over time. I also suggest promoting periodic follow-up meetings after formal conclusion to verify the effectiveness of the experiments and spread good practices to other colleagues; ap. I found this experience very interesting and really useful. The interaction with the researcher-teacher was stimulating and rich in insights. If we could spread this method among department colleagues or across the school, excellent results could be achieved. That said, I fear resistance to change or fear of judgment could limit full engagement. Also, effective exchange requires good communication skills and a trustful atmosphere, which is not always easy to create. Not everyone may be equally motivated or participatory, which could make teamwork harder. Training and awareness-raising sessions could introduce the method to all colleagues clearly and engagingly, explaining benefits and working modalities. A facilitator or mediator role during observations and discussions could ensure exchanges remain constructive and respectful. Finally, promoting sharing of good practices through regular meetings, internal newsletters, or digital platforms could encourage idea and material exchange within and between institutions, thus broadening growth and collaboration opportunities; aq. The experience was very positive, especially the exchanges with colleagues and sharing of different didactic methods and strategies. Observing colleagues in class (and being observed during my lesson) was extremely formative. The lesson observation sheet was useful; ar. The program was very formative. Greater experimentation in class and full participation of the math department would be necessary; & as. It was an interesting and constructive program. The only difficulties were related to tight schedules due to my school, personal, and family commitments.

